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greraeeswm The Common Core Georgia Performance Standards for Mathematical Practice
describe varieties of expertise that all students should seek to develop.
Opportunities to develop these practices are integrated throughout this program.

PRACTICES

1 Make sense of problems and persevere in 5 Use appropriate tools strategically.

solving them. 6 Attend to precision.

2 Reason abstractly and quantitatively.

3 Construct viable arguments and critique the
reasoning of others.

4 Model with mathematics.

7 Look for and make use of structure.

8 Look for and express regularity in repeated
reasoning.
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Unpacking the Standards i Glossary

Understanding the standards and the vocabulary terms in the standards will help you
know exactly what you are expected to learn in this chapter.

§ 5 MCC9-12.G.CO.11

Prove theorems about parallelograms.

Key Vocabulary

parallelogram (paralelogramo)
A quadrilateral with two pairs of
parallel sides.

What It Means For You

Parallelograms, including rectangles and squares, are everywhere
around you. You can prove the many special relationships about
their sides and angles that make them so important.

EXAMPLE

B > C B C
A/ = /D/ A D
AB| CD, BC || DA AB=CD /A=/C

BC=DA /B=/D

Unpacking the Standards 731
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Explore Properties
of Parallelograms

In this task, you will investigate the relationships among the angles and
sides of a special type of quadrilateral called a parallelogram. You will need
to apply the Transitive Property of Congruence. That is, if figure A = figure B
Use with Properties of and figure B = figure C, then figure A = figure C.

Parallelograms

VAN [\l Use appropriate

@ " PRACTICES tools strategically. MCC9-12.G.CO.11 Prove theorems about parallelograms.

© Use opposite sides of an index card to draw a set of
parallel lines on a piece of patty paper. Then use opposite
sides of a ruler to draw a second set of parallel lines that
intersects the first. Label the points of intersection A, B,
C, and D, in that order. Quadrilateral ABCD has two pairs
of parallel sides. It is a parallelogram.

€) Place a second piece of patty paper over the first and trace
ABCD. Label the points that correspond to A, B, C, and D
as Q, R, S, and 7, in that order. The parallelograms ABCD
and QRST are congruent. Name all the pairs of congruent
corresponding sides and angles.

€ Lay ABCD over QRST so that AB overlays ST. What do
you notice about their lengths? What does this tell
you about A AB and CD? Now move ABCD so that DA
overlays RS. What do you notice about their lengths?
What does this tell you about DA and BC?

@ Lay ABCD over QRST so that ZA overlays £S. What do
you notice about their measures? What does this tell
you about ZA and ZC? Now move ABCD so that ZB
overlays ZT. What do you notice about their measures?
What does this tell you about ZB and £D?

© Arrange the pieces of patty paper so that RS overlays AD.
What do you notice about QR and AB? What does this
tell you about ZA and ZR? What can you conclude about
/A and £B?

@ Draw diagonals AC and BD. Fold ABCD so that A matches
C, making a crease. Unfold the paper and fold it again
so that B matches D, making another crease. What do
you notice about the creases? What can you conclude
about the diagonals?

<ED

1. Repeat the above steps with a different parallelogram. Do you get the
same results?

2. Make a Conjecture How do you think the sides of a parallelogram are
related to each other? the angles? the diagonals? Write your conjectures
as conditional statements.

Module 25 Proving Theorems about Parallelograms
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George D. Lepp/CORBIS

Properties of Parallelograms

' Essential Question: If a quadrilateral is a parallelogram, what are some
conclusions you can make about its angles, sides, and diagonals?

Objectives Who uses this?

Prove and apply Race car designers can use
properties of a parallelogram-shaped
parallelograms. linkage to keep the

Use properties of wheels of the car vertical
parallelograms to on uneven surfaces.

solve problems. (See Example 1.)

Vocabulary

parallelogram Any polygon with four sides

is a quadrilateral. However,
some quadrilaterals have
special properties. These special
quadrilaterals are given their own names.

m A quadrilateral with two pairs of parallel sides is a parallelogram . To write the

name of a parallelogram, you use the symbol .
Opposite sides of

a quadrilateral do B — < _ __ __
not share a vertex. Parallelogram ABCD / / AB | CD, BC|| DA
A => D

Opposite angles do JABCD
not share a side.

i 1\
‘Know, it! LGOI P B Properties T Parallelograms ) N

1olZ THEOREM HYPOTHESIS |CONCLUS|ON
J— If a quadrilateral is a B > @ L
parallelogram, then its AB = CD
opposite sides are congruent. BC = DA
L (27 — opp. sides =) A > D

PROOF . Theorem 25-1-1

Given: JKLM is a parallelogram.
Prove: JK = LM KL = M]
Proof:
Statements Reasons
1. JKLM is a parallelogram. 1. Given
2. JK || IM, KT || M7 2. Def. of I
3. L1 = /2, L3 = /4 3. Alt. Int. 4 Thm.
4. JL=]r 4. Reflex. Prop. of =
5. AJKL = ALMJ 5. ASA Steps 3, 4
6. JK = LM, KL = MJ 6. CPCTC

25-1 Properties of Parallelograms 733



‘Know it! Theorems Properties of Parallelograms ) ~\
: THEOREM HYPOTHESIS CONCLUSION

PL®

g 25-1-2 If a quadrilateral is a B c
parallelogram, then JA = /C
its opposite angles are
congruent. A D 4B = /D

(07 — opp. £ =)

25-1-3 If a quadrilateral is a B c | MZA + m4B = 180°
parallelogram, then its mZB + m2C = 180°
consecutive angles are
supplementary. A D mZC+ m4D = 180°
(07 — cons. 4 supp.) mZD + mZA = 180°

25-1-4 |f a quadrilateral is a B c o
parallelogram, then its AZ=(CZ
diagonals bisect each BZ=DZ
other. (l:/ — diags. A D -
bisect each other)

\ J

You will prove Theorems 25-1-3 and 25-1-4 in Exercises 45 and 44.

Tignd EXAMPLE 4 Racing Application

....... MCC9-12.6.MG.1
The diagram shows the parallelogram-shaped
5 linkage that joins the frame of a race car
@ my-hrw.com to one wheel of the car. In CJPQRS,

QR =48 cm, RT = 30 cm, and mZQPS = 73°.

Find each measure.

A PS
PS = Q_R [0 — opp. sides =
PS = QR Def. of = segs.

Online Video Tutor PS=48cm  Substitute 48 for QR.
B m<ZPQR

mZPQR + mZQPS = 180° [J — cons. 4 supp.
mZPQR + 73 = 180 Substitute 73 for mZQPS.
mZPQR = 107° Subtract 73 from both sides.

C pPr
PT=RT [0 — diags. bisect each other
PT=RT Def. of = segs.

PT =30cm Substitute 30 for RT.

CHECK In OKLMN, LM = 28 in.,
@"’ OUTY, [N =26 in., and mZLKN = 74°.
Find each measure.
la. KN
1b. mZNML

1c. LO
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Online Video Tutor

R/ MoN EXAMPLE
MCC9-12.G.GPE4

Online Video Tutor

When you are
drawing a figure in
the coordinate plane,
the name ABCD
gives the order of
the vertices.

2 Using Properties of Parallelograms to Find Measures

ABCD is a parallelogram. Find each measure.

B
A AD
AD = BC [J — opp. sides =
AD = BC Def. of = segs.
7x=5x+19 Substitute the given values.
2x=19 Subtract 5x from both sides.
x=9.5 Divide both sides by 2.

AD =7x=7(9.5) = 66.5

B m«B
m/A + mZB = 180°
(10y—1) + (6y +5) = 180

m/B = (6y +5)° =[6(11) +5]° = 71°

5

[J — cons. & supp.

X+ 19

(10y — 1)°

Substitute the given values.

16y + 4 =180 Combine like terms.
16y =176 Subtract 4 from both sides.
y=11 Divide both sides by 16.

6 aCHECK EFGH is a parallelogram. F
ITOUTY, Find each measure.

2a. JG

2b. FH E

3 Parallelograms in the Coordinate Plane

Three vertices of CJABCD are A(1, —2), B(-2, 3),
and D(5, —1). Find the coordinates of vertex C.
Since ABCD is a parallelogram, both pairs of
opposite sides must be parallel.

Step 1 Graph the given points.

Step 2 Find the slope of AB by counting
the units from A to B.
The rise from —2 to 3 is 5.
The run from 1 to —2 is —3.

Step 3 Start at D and count the same
number of units.
Arise of 5 from —1 is 4.
Arun of —3 from 5 is 2. Label (2, 4) as vertex C.

Step 4 Use the slope formula to verify that BC || AD.
slope of BC = 4-3 _1

2-(-2) 4
-1-(=2) 1

slope of AD = R

The coordinates of vertex C are (2, 4).

6 aCHECK 3. Three vertices of CIPQRS are P(—3, —2), Q(—1, 4), and S(5, 0).
IT out! Find the coordinates of vertex R.

25-1 Properties of Parallelograms
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W EXAMPLE (g4 yging Properties of Parallelograms in a Proof

Write a two-column proof. B C
A Theorem 25-1-2
Given: ABCD is a parallelogram. A b
Prove: ZBAD = £DCB, ZABC = £LCDA
Proof:
Statements Reasons
Online Video Tutor 1. ABCD is a parallelogram. 1. Given
2. AB = CD, DA = BC 2. [ — opp. sides =
3. BD=BD 3. Reflex. Prop. of =
4. ABAD = ADCB 4. SSS Steps 2, 3
5. ZBAD = /DCB 5. CPCTC
6. AC= AC 6. Reflex. Prop. of =
7. AABC = ACDA 7. SSS Steps 2, 6
8. ZABC = LCDA 8. CPCTC
B Given: GHJN and JKLM are H K
parallelograms. H and M are )
collinear. N and K are collinear. © L
Prove: £ZG = ZL f
Proof: M
Statements Reasons
1. GHJN and JKLM are parallelograms. 1. Given
2. ZHIN = £G, ZMIK = /L 2. 7 — opp. & =
3. ZHJN = ZMJK 3. Vert. 4 Thm.
4. /G= /L 4. Trans. Prop. of =

6 aCHECK 4. Use the figure in Example 4B to write a two-column proof.
ITour! Given: GH/N and JKLM are parallelograms.
H and M are collinear. N and K are collinear.
Prove: ZN = ZK

~ MATHEMATICAL

PRACTICES

THINK AND DISCUSS

1. The measure of one angle of a parallelogramis W/ X
71°. What are the measures of the other angles? 7

2. In OVWXY, VIW = 21, and WY = 36. Find as
many other measures as you can.
Justify your answers.

‘K 3. GET ORGANIZED Copy and complete the graphic organizer. In each
now cell, draw a figure with markings that represents the given property.

v Y

Flole .
e Properties of Parallelograms
Opp. Opp. Opp. Cons. Diags. bisect
sides || sides = b= 4 supp. each other.

736  Module 25 Proving Theorems about Parallelograms



25'1 [w] 3 [=m] @

Ei]-_. . Homework Help
N GUIDED PRACTICE

Vocabulary Apply the vocabulary from this lesson to answer each question.
1. Explain why the figure at right is NOT a parallelogram.
2. Draw [JPQRS. Name the opposite sides and opposite angles.

SEE EXAMPLE 1 Safety The handrail is made from congruent

parallelograms. In CJABCD, AB = 17.5, DE = 18,
and mZBCD = 110°. Find each measure.
3. BD 4. CD
5. BE 6. mZABC
7. m/ZADC 8. m/DAB
SEE EXAMPLE 2 JKLMis a parallelogram. Find each measure. K =3 L
9. JK 10. LM 7x x4 14
. 11. mZL 12. m4ZM ) (52—6)°M
SEE EXAMPLE 3 13. Multi-Step Three vertices of CIDFGH are D(—9, 4), F(—1, 5), and G(2, 0)
| - Find the coordinates of vertex H.

Q
SEE EXAMPLE 4 14. Write a two-column proof. o
L Given: PSTV is a parallelogram. PQ = RQ S T

Prove: ZSTV = /R
P R

[ PRACTICE AND PROBLEM SOLVING
Shipping Cranes can be used to load

ExeFr?:irses Ex:ﬁ]e e cargo onto ships. In CJJKLM, JL = 165.8,
£ JK =110, and mZJML = 50°. Find the

;::;g ; measure of each part of the crane.
25 3 15. JN 16. LM
26 4 17. LN 18. mZJKL
@ my.hrw.com 19. mZKLM 20. mZMJK
[=] pi [=]
: WXYZ is a parallelogram. Find each measure. X T y
21. Wv 22. YW
EE L, - \ e\

Online Extra Practice

25. Multi-Step Three vertices of CJPRTV are P(—4, —4), R(—10, 0),
and V(5, —1). Find the coordinates of vertex T.

B C
26. Write a two-column proof.
Given: ABCD and AFGH are parallelograms. F G
Prove: ZC= ZG A m D

25-1 Properties of Parallelograms 737




Algebra The perimeter of ZJPQRS is 84. Find the length of each side of CJPQRS

under the given conditions.

27. PQ=QR 28. QR =3(RS) 29. RS=SP -7 30. SP = RS?

31. Cars To repair a large truck, a mechanic o8
might use a parallelogram lift. In the lift,
FG= GH = LK= K], and FL = GK = HJ.
a. Which angles are congruent to £1?

Justify your answer.

b. What is the relationship between
/1 and each of the remaining
labeled angles? Justify your answer.

Complete each statement about CZJKMPR. Justify your answer. M
32. ZMPR=_? 33. ZPRK= ? 3. MT= _ ? ><
35. PR= 2 36. MP| ? 37. MK|| 2 p A R

38. ZMPK= ? 39. ZMTK= ? 40. mZ/MKR + m/PRK=__ ?

Find the values of x, y, and z in each parallelogram.

FAVERN" v

44. Complete the paragraph proof of Theorem 25-1-4 B
by filling in the blanks.

m

Given: ABCD is a parallelogram.

Prove: AC and BD bisect each other at E. A > D
Proof: It is given that ABCD is a parallelogram. By the definition of a parallelogram,
ABl|la. ? . By the Alternate Interior Angles Theorem, Z1 =b. _ ? ,and
/3=c. 2?2 .AB=CDbecaused. 2 .Thismeans that AABE = ACDE

bye. ? .Sobyf. ? ,AE=CE, and BE = DE. Therefore AC and BD
bisect each other at E by the definition ofg.  ?

HOT. 45. Write a two-column proof of Theorem 25-1-3: If a quadrilateral is a parallelogram,
then its consecutive angles are supplementary.

Algebra Find the values of x and y in each parallelogram.

46. 2x 47.
vz X
y
48. In this calcite crystal, the face ABCD is a parallelogram. == == C

Real-Worl ,
Connections a. In COABCD, m/B = (6x + 12)°, and

m«D = (9x — 33)°. Find mZB.

b. Find mZA and mZC. Which theorem or theorems
did you use to find these angle measures?

738 Module 25 Proving Theorems about Parallelograms
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HOT 49. Critical Thinking Draw any parallelogram. Draw a second parallelogram whose
corresponding sides are congruent to the sides of the first parallelogram but
whose corresponding angles are not congruent to the angles of the first.

a. Is there an SSSS congruence postulate for parallelograms? Explain.
b. Remember the meaning of triangle rigidity. Is a parallelogram rigid? Explain.

50. Write About It Explain why every parallelogram is a quadrilateral but every
quadrilateral is not necessarily a parallelogram.

| TEST PREP
51. What is the value of x in CIPQRS? Q G257 R
@ 15 © 30
20 @ 70 P Gx=5)
52. The diagonals of CIJJKLM intersect at Z. Which statement is true?
@® JL=KM @JL:%KM ®JL=%JZ @ =2z
53. Gridded Response In CJABCD, BC = 8.2, and CD = 5. What is the perimeter
of COABCD?
[ CHALLENGE AND EXTEND

HOT The coordinates of three vertices of a parallelogram are given. Give the coordinates
for all possible locations of the fourth vertex.

54. (0,5), (4,0),(8,5) 55. (-2,1),(3, -1), (-1, —4)
HOT 56. The feathers on an arrow form two congruent parallelograms
that share a common side. Each parallelogram is the reflection

of the other across the line they share. Show that y = 2x. ‘

HOT 57. Prove that the bisectors of two consecutive angles
of a parallelogram are perpendicular.

_._..~~"'f3i¢,t,;'§gq¢g;g“ FOCUS ON MIATHEMATICAL PRACTICES

HOT 58. Problem Solving A fence uses a pattern of quadrilaterals
that are parallelograms like the one shown at the right.
Find the value of x and the angle measures of the
parallelogram. (B3x +29)°

(6x — 22)°

HOT 59. Modeling A parallelogram has one right angle. What is a
more specific name for the parallelogram? Justify your answer.

HOT 60. Error Analysis Tony said the diagonals of a parallelogram are always
congruent. Do you agree with Tony? If you disagree, correct his statement.

25-1 Properties of Parallelograms 739



Conditions for
Parallelograms

" Essential Question: \What information about the angles, sides, or
diagonals of a quadrilateral allows you to conclude it is a parallelogram?

Objective Who uses this?

Prove that a given A bird watcher can use a parallelogram

quadrilateral is a mount to adjust the height of a pair

parallelogram. of binoculars without changing the
viewing angle. (See Example 4.)

You have learned to identify the properties
of a parallelogram. Now you will be given
the properties of a quadrilateral and

will have to tell if the quadrilateral is

a parallelogram. To do this, you can

use the definition of a parallelogram

or the conditions below.

‘Know it! Theorems Conditions for Parallelograms ) ~
? THEOREM EXAMPLE

L
e 25-2-1 [f one pair of opposite sides of a B C
quadrilateral are parallel and congruent,
then the quadrilateral is a parallelogram. Ag
(quad. with pair of opp. sides || and = — D)
25-2-2 |f both pairs of opposite sides of a
:)nf Jfahtehcec:)r;\::sihe quadrilateral are congruent, then the B <
hypothesis ar;d quadrilat.eral is a p_arallelogram. 4 -
conclusion are (quad. with opp. sides = — )

exchanged.

25-2-3 |f both pairs of opposite angles of a

quadrilateral are congruent, then the B <
quadrilateral is a parallelogram.

g (quad. with opp. & = — ) A D

J

You will prove Theorems 25-2-2 and 25-2-3 in Exercises 26 and 29.

PROOF . Theorem 25-2-1

Given: KL || MJ, KL = MJ
Prove: JKLM is a parallelogram.

Proof:
It is given that KL = MJ. Since KL || MJ, £Z1 = £2 by the
Alternate Interior Angles Theorem. By the Reflexive Property
of Congruence, JL = JL. So AJKL = ALM]J by SAS. By CPCTC,
/3 = /4, and JK || LM by the Converse of the Alternate
Interior Angles Theorem. Since the opposite sides of JKLM
are parallel, JKLM is a parallelogram by definition.

HMH Photo by Sam Dudgeon
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The two theorems below can also be used to show that a given quadrilateral
is a parallelogram.

‘Know/Tl i) LTI Conditions for Parallelograms ) ~
¢ THEOREM EXAMPLE

PLot®
o 25-2-4 If an angle of a quadrilateral is

supplementary to both of its consecutive B (180 — x)° S
angles, then the quadrilateral is
AL D

a parallelogram. (180 — x)
(quad. with £ supp. to cons. 4 — )

25-2-5 If the diagonals of a quadrilateral bisect B C
each other, then the quadrilateral 7
is a parallelogram.
(quad. with diags. bisecting each %
other — ) A 2
. J

You will prove Theorems 25-2-4 and 25-2-5 in Exercises 27 and 30.

1 Verifying Figures are Parallelograms g xt14 c
A Show that ABCD is a parallelogram 2y+8
forx="7andy=4. S5y —4
Step 1 Find BC and DA. A 3x b
BC=x+14 Given DA = 3x
BC=7+14=21 Substitute and simplify. DA =3x=3(7) =21
Step 2 Find AB and CD.
: AB=5y—4 Given CD=2y+38
Online Video Tutor AB=5(4) —4=16  Substitute and simplify. =~ CD=2(4) +8=16

Since BC = DA and AB = CD, ABCD is
a parallelogram by Theorem 25-2-2.

B Show that EFGHis a F . —G
parallelogram for z = 11 9z +19) (14w =1
and w = 4.5.

(11z—13)°
E H

m/F = (9z + 19)° Given

m/F=[9(11) + 19]° = 118° Substitute 11 for z and simplify.
m/H = (11z — 3)° Given

mZH = [11 (11) - 3]° = 118° Substitute 11 for z and simplify.
m/G = (14w — 1)° Given

m/G = [14(4.5) — 1]° = 62° Substitute 4.5 for w and simplify.

Since 118° + 62° = 180°, ZG is supplementary to both ZF and ZH.
EFGH is a parallelogram by Theorem 25-2-4.

i R
Ga%‘%f 1. Show that PQRS is a Q 06— 16F° G572
parallelogram for = 92412
a=24and b =9.

P S

25-2 Conditions for Parallelograms 741



gL EXAMPLE

Online Video Tutor

COMMON EXAMPLE

Online Video Tutor

 Helpful Hint S

To say that a
quadrilateral is a
parallelogram by
definition, you must
show that both pairs
of opposite sides

are parallel.

Applying Conditions for Parallelograms

Determine if each quadrilateral must be a parallelogram. Justify your
answer.

No. One pair of opposite Yes. The diagonals bisect each
sides are parallel. A different other. By Theorem 25-2-5,
pair of opposite sides are the quadrilateral is a
congruent. The conditions for parallelogram.

a parallelogram are not met.

6 ﬁ%fscx Determine if each quadrilateral must be a parallelogram.

Iustlfy your answer.

Proving Parallelograms in the Coordinate Plane

Show that quadrilateral ABCD is a parallelogram by using the given
definition or theorem.

A A(-3,2),B(-2,7),C(2,4),D(1, —1); definition of parallelogram
Find the slopes of both pairs of opposite sides.

slopeofA_B=_27%(2_3):%=5
slope of CD = 11__24 :‘;’ 5

slope of B =2i_(_72) _T?’ _%
slopeofD_A:ﬂ:iz_i

-3-1 -4 4

Since both pairs of opposite sides are
parallel, ABCD is a parallelogram by definition.

B F(—4,-2),G(-2,2),H(4,3),J(2,—1); Theorem 25-2-1
Find the slopes and lengths of one pair of opposite sides.

=T 3—-2 1
slope of GH = ———=— = —
P i—(—2) 6
—=_—2-(=1)_ —1_1
slope of JF = 24— 7 ~“5~6

GH=\/[4- (-2 + (3 -2)* =V37
JE=\[(=4=2) +[-2 - (-1) =37

GH and JF have the same slope, so GH || JF.
Since GH = JF, GH = JF. So by Theorem 25-2-1,
FGH] is a parallelogram.
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aad EXAMPLE "4 Birg.watching Application

CHECK 3. Use the definition of a parallelogram to show that the

&‘" our! quadrilateral with vertices K(—3, 0), L(—5, 7), M(3, 5),
and N(5, —2) is a parallelogram.

You have learned several ways to determine whether a quadrilateral is a

parallelogram. You can use the given information about a figure to decide
which condition is best to apply.

m Conditions for Parallelograms

To show that a Both pairs of opposite sides are parallel. (definition)

quadrilateral is a One pair of opposite sides are parallel and congruent. (Theorem 25-2-1)
parallelogram, you

only have to show
that it satisfies one Both pairs of opposite angles are congruent. (Theorem 25-2-3)
of these sets

of conditions.

Both pairs of opposite sides are congruent. (Theorem 25-2-2)

One angle is supplementary to both of its consecutive angles. (Theorem 25-2-4)

The diagonals bisect each other. (Theorem 25-2-5)

,,,,,,, & MCC9-12.G.MG.1
In the parallelogram mount, there are
@ my.hrw.com bolts at P, Q, R, and S such that PQ = RS
and QR = SP. The frame PQRS moves
[E] ™ =] when you raise or lower the binoculars.
o rH Why is PQRS always a parallelogram?
e When you move the binoculars,
=] o the angle measures change, but PQ, QR,
. -' RS, and SP stay the same. So it is always
Online Video Tutor true that PQ = RS and QR = SP. Since
both pairs of opposite sides of the
quadrilateral are congruent, PQRS is
always a parallelogram.

6 ECHECK 4. The frame is attached to the tripod at points A and B such
ITour! that AB = RS and BR = SA. So ABRS is also a parallelogram.
How does this ensure that the angle of the binoculars
stays the same?

“MATHEMATICAL
PRACTICES

THINK AND DISCUSS

1. What do all the theorems in this lesson have in common?

2. How are the theorems in this lesson different from the theorems in the
lesson Properties of Parallelograms?

‘K 3. GET ORGANIZED Copy and
: now, complete the graphic organizer.

Conditions for
Parallelograms

lote In each box, write one of the six
e conditions for a parallelogram.
Then sketch a parallelogram and ( ) ( )

label it to show how it meets the condition.

25-2 Conditions for Parallelograms 743



25-2 CIIE &y
- my.hrw.com

E i]._. L Homework Help

[ GUIDED PRACTICE
SEE EXAMPLE | 1 1. Show that EFGH is a parallelogram 2. Show that KLPQ is a parallelogram
fors=5and t=6. form =14 and n = 12.5.
F L o o P
n G (5m + 36) (6n—1)
E
\!H p (4m + 50) 0

SEE EXAMPLE 2 Determine if each quadrilateral must be a parallelogram. Justify your answer.

SEE EXAMPLE 3 Show that the quadrilateral with the given vertices
is a parallelogram.

6. W(-5, —2), X(—3,3), ¥(3, 5), Z(1, 0)
7. R(-1,-5),8(-2,-1), T(4, —1), U(5, -5)

SEE EXAMPLE "4 8, Navigation A parallel rule can be used
to plot a course on a navigation chart.
The tool is made of two rulers connected

at hinges to two congruent crossbars AD
and BC. You place the edge of one ruler on
your desired course and then move the
second ruler over the compass rose on the
chart to read the bearing for your course.

- If AD || BC, why is AB always parallel to CD?

[ PRACTICE AND PROBLEM SOLVING
9. Show that BCGH is a parallelogram 10. Show that TUVW is a parallelogram for
For See forx=3.2andy=7. fora=19.5 and b = 22.
Exercises Example
9-10 1 c 6y — 14 G U 10a — 6 v
11-13 2 (b + 41)°
14-15 3 W+ 7 B -9 .
16 4 _
B 3y +7 H T 8a + 33 w
-
@ my-hrw.com Determine if each quadrilateral must be a parallelogram. Justify your answer.

e < >\ 7\ <]
[=]nirre
Online Extra Practice Show that the quadrilateral with the given vertices is a parallelogram.

14. J(-1,0),K(-3,7), L(2, 6), M(4, —1)
15. P(-8, —4), Q(-5, 1), R(1, —5), S(—2, —10)
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HOT

16. Design The toolbox has cantilever trays
that pull away from the box so that you
can reach the items beneath them.

Two congruent brackets connect each
tray to the box. Given that AD = BC,
how do the brackets AB and CD keep
the tray horizontal?

Determine if each quadrilateral must be a parallelogram.

Justify your answer.

17. \ez° 18. 19.
123°

°

117 123°

Algebra Find the values of a and b that would make the quadrilateral
a parallelogram.
20. 6b -3 21. b+ 6)
2a+6 3a—10
(4a — 8)° (8a —10)°
5a + 1

22. 23. 1.4b
4% BGa+1.8)°
’ (2 =660
b+8

24. Critical Thinking Draw a quadrilateral that has congruent diagonals but
is not a parallelogram. What can you conclude about using congruent diagonals
as a condition for a parallelogram?

25. Social Studies The angles at the corners
of the flag of the Republic of the Congo
are right angles. The red and green triangles
are congruent isosceles right triangles.
Why is the shape of the yellow stripe a

parallelogram?
26. Complete the two-column proof of Theorem 25-2-2
by filling in the blanks.
Given: AB = CD, B ' q
Prove: ABCD is a parallelogram. LoA~3
Proof: A ) b
Statements Reasons
1. AB = CD, BC= DA 1. Given
2. BD=BD 2.a._ 2
3. ADAB = b. ? 3. ¢ ?
4. /1 =d. ?7 ,Zd=e ? 4. CPCTC
5. AB || CD, BC || DA 5.f. 2
6. ABCD is a parallelogram. 6.g9. ?
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27. Complete the paragraph proof of Theorem 25-2-4

by filling in the blanks. Q R
Given: ZP is supplementary to ZQ.
ZPis supplementary to ZS.

Prove: PQRS is a parallelogram. P

Proof:
It is given that ZPis supplementarytoa. ? andb. ?
By the Converse of the Same-Side Interior Angles Theorem,
QR|lc. 2?2 andPQ|d. 2 .SoPQRSisa parallelogram

by the definition ofe.  ?

L Q Measurement In the eighteenth century,

: Gilles Personne de Roberval designed a scale
with two beams and two hinges. In ZJABCD,
E is the midpoint of AB, and F is the midpoint
of CD. Write a paragraph proof that AEFD and

= T

Ancient balance scales

had one beam that EBCF are parallelograms.
moved on a single
hinge. The stress on the | Prove each theorem. F

hinge often made the
scale imprecise. 29. Tl'leorem 25-2-3 E
Given: Z/E = /G, /F= /H £

Prove: EFGH is a parallelogram. H

Plan: Show that the sum of the interior angles of EFGH
is 360°. Then apply properties of equality to show that
mZE + mZF = 180° and mZE + mZH = 180°.

Then you can conclude that EF || GH and FG || HE.

30. Theorem 25-2-5

Given: JL and KM bisect each other. K L
Prove: JKLM is a parallelogram. %
Plan: Show that AJNK = ALNM and J

M
AKNL = AMNJ. Then use the fact that o o
the corresponding angles are congruent to show JK || LM and KL || MJ.

HOT. 31. Prove that the figure formed by two midsegments of a triangle and their
corresponding bases is a parallelogram.

32. Write About It Use the theorems about properties of parallelograms to write three
biconditional statements about parallelograms.

HOT. 33. Construction Explain how you can construct a parallelogram based on the
conditions of Theorem 25-2-1. Use your method to construct a parallelogram.

. A geologist made the following observations
Real-Worl while examining this amethyst crystal.
Connectio Tell whether each set of observations allows

the geologist to conclude that PQRS is a
parallelogram. If so, explain why.

a. PQ =S, and PS || OR.

b. £Sand ZR are supplementary, and PS = QR.
¢. ZS=/Q,and PQ | SR.
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'MATHEMATICAL

PRACTICES

. 39. Multi-Step The diagonals of a

HOT

HOT

HOT

TEST PREP

35. What additional information would allow youto  x y
conclude that WXYZ is a parallelogram? p
@B XY =ZW © Wy=wz
WX =YZ D IXWY = LZYW w z

36. Which could be the coordinates of the fourth vertex of CJIABCD with A(—1, —1),
B(1, 3), and C(6, 1)?

@® D(8,5) @ D(4, -3) @ D(13, 3) @ D(3,7)

37. Short Response The vertices of quadrilateral RSTV are R(-5, 0), S(—1, 3),
7(5, 1), and V(2, —2). Is RSTV a parallelogram? Justify your answer.

CHALLENGE AND EXTEND

38. Write About It As the upper
platform of the movable
staircase is raised and lowered,
the height of each step changes.
How does the upper platform
remain parallel to the ground?

parallelogram intersect at (—2, 1.5).
Two vertices are located at (—7, 2)
and (2, 6.5). Find the coordinates
of the other two vertices.

40. Given: D is the midpoint of AC, and E is the midpoint of BC. C
Prove: DE || AB, DE = %AB

(Hint: Extend DE to form DF so that EF = DE. b E
Then show that DFBA is a parallelogram.)

FOCUS ON MIATHEMATICAL PRACTICES

41. Proof A precision ice skating team with 10 members . °

formed the figure shown. The skaters positioned
themselves along four lines, and the space between
each pair of adjacent skaters was 3 feet. Prove that the
skaters formed a parallelogram.

42. Problem Solving The figure shows a parallelogram.
a. Find the coordinates of the fourth vertex.
b. Find the midpoints of the sides of the parallelogram. 2b, 2¢0)

c. Show that the quadrilateral formed by connecting the

midpoints of adjacent sides is also a parallelogram. 10,0 (22,0

25-2 Conditions for Parallelograms
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Properties of Special

Parallelograms

9 Essential Question: \What are the geometric properties of

rectangles, rhombuses, and squares?

Objectives

Prove and apply
properties of rectangles,
rhombuses, and squares.

Use properties of
rectangles, rhombuses,
and squares to

solve problems.

Vocabulary :
rectangle right angles. Rectangle ABCD
rhombus
square
. | Theorems Properties of Rectangles )
_ Know' - P = )
) 1 ol% THEOREM HYPOTHESIS CONCLUSION
i 25-3-1 If a quadrilateral is a B c .
o - H ABCD is a
rectangle, then it is a
parallelogram. (rect. — ) Al Hp parallelogram.
25-3-2 |f a parallelogram is a B c
rectangle, then its diagonals AC=EBD
are congruent. A D -
(rect. — diags. =)
\ J

eI EXAMPLE

Online Video Tutor

748

Who uses this?

Artists who work with stained glass
can use properties of rectangles to
cut materials to the correct sizes.

A second type of special B
quadrilateral is a

rectangle. A rectangle is
a quadrilateral with four

[T L]

Aj

Up

You will prove Theorems 25-3-1 and 25-3-2 in Exercises 38 and 35.

Since a rectangle is a parallelogram by Theorem 25-3-1, a rectangle “inherits”
all the properties of parallelograms.

1

Craft Application

An artist connects stained glass pieces
with lead strips. In this rectangular window,
the strips are cut so that FG = 24 in. and

FH = 34 in. Find JG.

EG=FH

EG=FH=34
=1

JG = 2EG

JG = %(34) - 17in.

Gac
IT oUT!

! diagonal braces.

Rect. — diags. =

Def. of = segs.

[ — diags. bisect
each other

Substitute and simplify.

HECK Carpentry The rectangular gate has

la. HJ

Module 25 Proving Theorems about Parallelograms

Find each length.
1b. HK

H J
3 30.8 in.

G 48in.
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A rhombus is another special quadrilateral. A rhombus g C
is a quadrilateral with four congruent sides.

Rhombus ABCD
A D
; A\
TKIIOW it! Theorems Properties of Rhombuses ) N
X LolZ THEOREM HYPOTHESIS | CONCLUSION
g 25-3-3 [f a quadrilateral is a rhombus, B ¢
then it is a parallelogram. ABCD is a
(rhombus — ) parallelogram.
A D
25-3-4 [f a parallelogram is a B q
rhombus, then its diagonals are
perpendicular. AC L BD
(rhombus — diags. 1) A D
25-3-5 If a parallelogram is a rhombus, B C /1= /2
then each diagonal bisects a pair v /3 = /4
of opposite angles. /5= /6
(rhombus — each diag. A A 5 /7 =~ /8
bisects opp. 4 )
. J

You will prove Theorems 25-3-3 and 25-3-4 in Exercises 34 and 37.

PROOF . Theorem 25-3-5

L
Given: JKLM is a rhombus. K ‘
Prove: ]L_bisects ZKJM and ZKLM.
KM bisects ZJKL and ZJML. » M

Proof: J
Since JKLM is a rhombus, JK = JM, and KL = ML by the definition
of a rhombus. By the Reflexive Property of Congruence, JL = JL.
Thus AJKL = AJML by SSS. Then /1 = /2, and £3 = Z4 by CPCTC.
So JL bisects ZKJM and ZKLM by the definition of an angle bisector.
By similar reasoning, KM bisects ZJKL and ZJML.

Like a rectangle, a rhombus is a parallelogram. So you can apply the properties
of parallelograms to rhombuses.

2 Using Properties of Rhombuses to Find Measures

RSTVis arhombus. Find each measure. s X F7

T
A vr N/
9% — 11

ST = SR Def. of rhombus
4x+7=9x—11 Substitute the given values. A

18 = 5x Subtract 4x from both sides R %4
and add 11 to both sides.
: 3.6 =x Divide both sides by 5.
Online Video Tutor VI'=ST Def. of rhombus
VI=4x+7 Substitute 4x + 7 for ST.

VT =4(3.6) + 7 =214 Substitute 3.6 for x and simplify.
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RSTVis a rhombus. Find each measure.

(y+2)°
B m«ZWSR 5 4
m/ZSWT =90°  Rhombus — diags. | @y + 10)°
2y+10=90 Substitute 2y + 10 for mZSWT.
y=140 Subtract 10 from both sides Vv
and divide both sides by 2.
m/ZWSR = mZTSW Rhombus — each diag. bisects opp. A
mZWSR = (y + 2)° Substitute y + 2 for mZTSW.
m/WSR = (40 + 2)°=42°  Substitute 40 for y and simplify.
6 aﬁﬁ-’% ) CDFG is a rhombus. Find each measure. D
2a. CD |
2b. m/GCHif m/GCD = (b + 3)° ¢ A F

m and mZCDF = (Gb — 40)0 5a c 3a+ 17

Rectangles, rhombuses,

. . . . B } C
and squares are A square is a quadrilateral with four right angles and [ O
sometimes referred

to as special four congruent sides. In the exercises, you will show + +
parall eﬁograms that a square is a parallelogram, a rectangle, and

L1 ! [ D

. A :
arhombus. So a square has the properties of all three. Square ABCD

I EXAMPLE cp - .
e 3 Verifying Properties of Squares

Show that the diagonals of square ABCD
are congruent perpendicular bisectors
of each other.

Step 1 Show that AC and BD are congruent.
AC=1\/[2 = ()] + (7 - 0)* = /58
BD=1/[4— (-3)]+ (2 - 5)* =58

Since AC = BD, AC = BD.

Online Video Tutor

Step 2 Show that AC and BD are perpendicular.

Vval 7—0 7

slopeof AC= —— = —

P 2—(-1) 3
B 2—5 -3 3
slopeof BD=—%"—"2 "2 _ _°2
P 4—-(-3) 7 7

. 7 3Y_ 147, B
Slnce(g)( 7)_ 1, AC | BD.

Step 3 Show that AC and BD bisect each other.

mdpt. of AC: (_1 +2,0+—7) = (1 7)

2 2 2’2
= (=3+4 5+2)_(1 7
mdpt.ofBD.( 5 o )—(2,2)

Since AC and BD have the same midpoint, they bisect each other.
The diagonals are congruent perpendicular bisectors of each other.

CHECK . 3. The vertices of square STVW are S(—5, —4), T(0, 2),
IT out!

V(6, —3), and W(1, —9). Show that the diagonals of square
STVW are congruent perpendicular bisectors of each other.
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Student to Student

Special Parallelograms

To remember the properties of rectangles, rhombuses, and squares,
| start with a square, which has all the properties of the others.

To get a rectangle that is not a square, | stretch the square in
one direction. Its diagonals are still congruent, but they are
no longer perpendicular.

i} To get a rhombus that is not a square, | go back to the square and
Taylor Gallinghouse slide the top in one direction. Its diagonals are still perpendicular
Central High School and bisect the opposite angles, but they aren’t congruent.

{"'C°MM°" EXAMPLE g Using Properties of Special Parallelograms in Proofs

Given: EFGH is a rectangle. J is the midpoint of EH. F G
@\ my.hrw.com Prove: AFJG is isosceles.
Proof: E J H
Statements Reasons
1. EFGH is a rectangle. 1. Given
J is the midpoint of EH.
2. ZE and ZH are right angles. 2. Def. of rect.
Online Video Tutor 3. LE=/H 3. Rt. Z = Thm.
4. EFGH is a parallelogram. 4. Rect. —» I
5. EF= HG 5. [0 — opp. sides =
6. EJ=HJ 6. Def. of mdpt.
7. AFJE = AGJH 7. SAS Steps 3, 5,6
8. FI=GJ 8. CPCTC
9. AFJG is isosceles. 9. Def. of isosc. A

6 aﬁ% : 4. Given: PQTS is a rhombus with diagonal PR. @
Prove: RQ = RS //\

THINK AND DISCUSS

1. Which theorem means “The diagonals of a rectangle are congruent”?
Why do you think the theorem is written as a conditional?

2. What properties of a rhombus are the same as the properties of all
parallelograms? What special properties does a rhombus have?

! 3. GET ORGANIZED Copy and drilateral
W complete the graphic organizer. S IERCTENE
JLole Write the missing terms in the

Parallelograms

OO

Ry three unlabeled sections. Then
write a definition of each term.
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25-3

my.hrw.com
Homework Help

[ GUIDED PRACTICE

1. Vocabulary What is another name for an equilateral quadrilateral? an equiangular
quadrilateral? a regular quadrilateral?

SEE EXAMPLE 1 Engineering The braces of the bridge support
lie along the diagonals of rectangle PQRS.
RS =160 ft, and QS = 380 ft. Find each length.

2. TQ 3. PQ
4. ST 5. PR

SEE EXAMPLE 2 ABCD is arhombus. Find each measure.
L 6. 4B 7. mZABC

SEE EXAMPLE 3 8. Multi-Step The vertices of square JKLM A D
are J(—3, —5), K(—4, 1), L(2, 2), and M(3, —4).
Show that the diagonals of square JKLM are

congruent perpendicular bisectors of each other.

E C

9. Given: RECT is a rectangle. RX = TY
Prove: AREY = ATCX

SEE EXAMPLE

I_,p
]

x

~<
s'

N PRACTICE AND PROBLEM SOLVING
Carpentry A carpenter measures the diagonals of
ExeFrzlirses Ex:;eple a piece of W(l)Od. In rectangle JKLM, JM = 25 in.,
e ; and JP = 143 in. Find each length.
14-15 2 10. JL 11. KL
16 3 12. KM 13. MP
17 4

VWXY is a rhombus. Find each measure.
14. VW w
9a — 18
15. mZVWX and mZWYX if v X
mZWVY = (4b +10)° 15
and mZXZW = (10b — 5) Y
HOT 16. Multi-Step The vertices of square PQRS are P(—4, 0), Q(4, 3), R(7, —5),

and S(—1, —8). Show that the diagonals of square PQRS are
congruent perpendicular bisectors of each other.

N M
17. Given: RHMB is a rhombus with diagonal HB. H
Prove: ZHMX = ZHRX
R B
Find the measures of the numbered angles in each rectangle.
18. 5 15 19. 324 1 20. 321
o 5 T 577
i 3 36° 4,
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Online Extra Practice

Find the measures of the numbered angles in each rhombus.

21. 1 22. 23.
27° 2
5 3
4 m
Tell whether each statement is sometimes, always, or never true.
(Hint: Refer to your graphic organizer for this lesson.)

24. Arectangle is a parallelogram. 25. Arhombus is a square.

26. A parallelogram is a rhombus. 27. Arhombus is a rectangle.

28. A square is a rhombus. 29. Arectangle is a quadrilateral.
30. A square is a rectangle. 31. Arectangle is a square.

HOT. 32. Critical Thinking A triangle is equilateral if and only if the triangle is equiangular.

HOT 34. J//ERROR ANALYSIS/// Find and correct

Can you make a similar statement about a quadrilateral? Explain your answer.

33. History There are five shapes of clay tiles in

this tile mosaic from the ruins of Pompeii. _

a. Make a sketch of each shape of tile and
tell whether the shape is a polygon.

b. Name each polygon by its number of
sides. Does each shape appear to be
regular or irregular?

¢. Do any of the shapes appear to be
special parallelograms? If so, identify
them by name.

d. Find the measure of each interior angle
of the center polygon.

the error in this proof of Theorem 25-3-3.

Given: JKLM is a rhombus.
Prove: JKLM is a parallelogram.

Proof:
It is given that JKLM is a thombus. So by the definition of a rhombus, JK = LM,
and KL = MJ. If a quadrilateral is a parallelogram, then its opposite sides
are congruent. So JKLM is a parallelogram.

35. Complete the two-column proof of Theorem 25-3-2 by filling in the blanks.

Given: EFGH is a rectangle. F G
Prove: FH = GE
Proof: E H
Statements Reasons
1. EFGH is a rectangle. 1. Given
2. EFGH is a parallelogram. 2. a. ?
3. EF=b. ? 3. [J — opp. sides =
4. EH=EH 4.c ?
5. ZFEH and ZGHE are right angles. 5. d. ?
6. ZFEH = e. ? 6. Rt. £ = Thm.
7. AFEH = AGHE 7. f.  ?
8. FH = GE 8.9 2
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Connections

A(2,4), B(4,2), C(-1, -3), and D(-3, —1).

same length.

37. Use this plan to write a proof of Theorem 25-3-4.
Given: VIWXY is a rhombus.
Prove: VX | WY

Plan: Use the definition of a rhombus and the properties

of parallelograms to show that AWZX = AYZX.

a. Find the slope of each side of quadrilateral ABCD.
b. What type of quadrilateral is formed by the fences? Justify your answer.

c. The organizers plan to build a straight path connecting A and C and another
path connecting B and D. Explain why these two paths will have the

w

36. The organizers of a fair plan to fence off a plot of land given by the coordinates

Then use CPCTC to show that ZWZX and £YZX are right angles.

38. Write a paragraph proof of Theorem 25-3-1. B

C

Given: ABCD is a rectangle.

Prove: ABCD is a parallelogram. A

39. Write a two-column proof.

Given: ABCD is arhombus. E, F, G, and
H are the midpoints of the sides. A

Prove: EFGH is a parallelogram.

H

D

D

G

HOT Multi-Step Find the perimeter and area of each figure. Round to the nearest

hundredth, if necessary.

40. [ 30° 41. ‘

5cm
60° [7in.

42,

3¢m

4 cm

HOT 43. Write About It Explain why each of these conditional statements is true.
a. If a quadrilateral is a square, then it is a parallelogram.
b. If a quadrilateral is a square, then it is a rectangle.
¢. If a quadrilateral is a square, then it is a rhombus.

44. Write About It List the properties that a square “inherits” because it is

(1) a parallelogram, (2) a rectangle, and (3) a rhombus.

S TEST PREP
45. Which expression represents the measure of ZJ in
rhombus JKLM?
® x° @ (180 — x)°
2 @ (180 — 20"

754

K

J

M

46. Short Response The diagonals of rectangle QRST intersect at point P.

If QR = 1.8 cm, QP = 1.5 cm, and QT = 2.4 cm, find the perimeter of ARST.

Explain how you found your answer.

Module 25 Proving Theorems about Parallelograms
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47. Which statement is NOT true of a rectangle?
(P Both pairs of opposite sides are congruent and parallel.
(® Both pairs of opposite angles are congruent and supplementary.
@ All pairs of consecutive sides are congruent and perpendicular.
(D All pairs of consecutive angles are congruent and supplementary.

[ CHALLENGE AND EXTEND

48. Algebra Find the value of x in the rhombus. Bx? — 15)°

2 + °
HOT 49. Prove that the segment joining the midpoints of b+

two consecutive sides of a rhombus is perpendicular
to one diagonal and parallel to the other.

50. Extend the definition of a triangle midsegment to write a definition for the
midsegment of a rectangle. Prove that a midsegment of a
rectangle divides the rectangle into two congruent rectangles.

51. The figure is formed by joining eleven congruent squares.
How many rectangles are in the figure?

o Mamewmen FOCUS ON MATHEMATICAL PRACTICES

HOT 52. Reasoning Explain the relationship between the two A (6x +9)° s
labeled angles in the rhombus shown and their relationship

to ZBAD, then find the value of x and mZBAD. (3x 4+ 21)°
D C
HOT 53. Problem Solving ABCD is a rhombus. (2 + 6x)°
Find x and mZDAC. Show your work. B ¢
(10x - 3)°
A D

9\9\#500 R

o —0 r—— e

P s P s P s P s
Draw PS. Set the compass Place the compass point Place the compass point Draw PQ, QR, and RS.
to the length of PS. Place at Q and draw an arc to at S and draw an arc that
the compass point at P and the right of Q. intersects the arc drawn
draw an arc above PS. Label from Q. Label the point
a point Q on the arc. of intersection R.

25-3 Properties of Special Parallelograms
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Predict Conditions for
Special Parallelograms

In this task, you will use geometry software to predict the conditions that are
sufficient to prove that a parallelogram is a rectangle, rhombus, or square.

Use with Conditions for D
Special Parallelograms 'Mﬁ{"fg’l"gg"" Pprop MCC9-12.G.CO.11 Prove theorems about parallelograms.

tools strategically.

@ Construct AB and AD with a common endpoint A. ”' o mwe e ——
Construct a line through D parallel to AB. o]
Construct a line through B parallel to AD. &
@) Construct point C at the intersection of ‘the »)
two lines. Hide the lines and construct BC =
and CD to complete the parallelogram.
A B
Measure the four sides and angles of the | .-
parallelogram. ,,e
@ Move A so that mZABC = 90°. What type of Tl S L e
special parallelogram results? W mAE=52Tcn c |
— mBC = 3.07 un
(:'; mDC = 5.37 cm
© Move A so that mZABC # 90°. 2 mAD=307cm
Al mspias =s0v
)
— mZ =
m.CDA = 90° A B
"
@ Construct AC and BD and measure their lengths. Hf R iy e o ocawm et e o SLIE
— : Y 2]
Move A so that AC = BD. What type of special v wABeszten P C
parallelogram results? @| mBC=3.07cn
—| mDT=5.27cm
“A|l mAD=3.07cm
— mDAB = 90°
B moanc = 90¢
~ | msBCD=90¢ A B
mCDA = 907
mAC = 6.09 cm
mDB = 6.09 cm

(I
4

Ty This

1. How does the method of constructing ABCD in Steps 1 and 2 guarantee
that the quadrilateral is a parallelogram?

2. Make a Conjecture What are two conditions for a rectangle?
Write your conjectures as conditional statements.
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© Use the parallelogram you constructed in
Activity 1. Move A so that AB = BC.
What type of special parallelogram results?

@ Move A so that AB # BC.

© Label the intersection of the diagonals as E.

Measure ZAEB.

[ Ar Fa- repbe Soeevce Ckeretem Yecaen Crpk wodws s

[ ]

1 20 am
mAD =4.20 cm
m-DAB =627
mABC = 1187
m=BCD = 62°

moCDA = 118"
mAC =718 cm
mDE = 4.34 cm

21

F =]

A

1]

[ Ar Fa- repbe Soeevce Ckeretem Yecaen Crpk wodws s

It

|T> mAB = 3.76cm
=l mBC=4.77cm
2! mDC = 3.76cm
mAD = 4.77 cm
m<0AB = G0

m<ABC = 120°
m<BCD = 60°

mZCDA = 1207
mAC = 7.42¢m
mDB =4.34 cm

m

X

(L |F

1]

£

“reawn Copk wedw Har

@ Move A so that mZAEB = 90°. What type of BRc e rorby e e

special parallelogram results?

© Move A so that mZAEB # 90°.

(® Measure ZABD and ZCBD. Move A so that
mZABD = mZCBD. What type of special

parallelogram results?

<D

mAE = 3.52 ¢m
mBC = 3.52 cm
mbC =352 cm
mAD =352 cm
mDAE = 76"
mABC =104"
m2BCD =76°
s CoA = 1047

mAC = 5.54 cm
mDE = 4.34 cm

[a]

(5]

p

A

(L |F

1]

£

1

FA- Tipby o Theraem

weeawn vt Wodw

mAB = 459 am
mBC = 4.59 an
mDC = 4.59 cm
mAD = 4.59 cm
m.SDAE = 5&%

mLABC = 124°
mLBCD = 56%

m2CDA = 124"
mAC =8.08 cm
mDE = 4.24 am
mAEB =907

[ ]

21

| [ ¢

C
D
E
A

(L |F

I»

3. Make a Conjecture What are three conditions for a rhombus?
Write your conjectures as conditional statements.

4. Make a Conjecture A square is both a rectangle and a rhombus.
What conditions do you think must hold for a parallelogram to be a square?

Technology Task Predict Conditions for Special Parallelograms
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Conditions for Special
Parallelograms

- Essential Question: \What information about a
parallelogram allows you to conclude it is a rectangle,
rhombus, or square?

Objective Who uses this?
Prove that a given Building contractors and
q”id”'?ter?" IS Z carpenters can use the
rectangie, rnomous, conditions for rectangles to
or square.
make sure the frame for a
house has the correct shape.

When you are given a
parallelogram with certain
properties, you can use the
theorems below to determine
whether the parallelogram is

% slgitnl:ated a rectangle.

iti 1
fKnow it! LU LI B Conditions for Rectangles ) N
' Flol? THEOREM EXAMPLE
St 25-4-1 If one angle of a parallelogram is a B c

right angle, then the parallelogram
is a rectangle. B
(7 with one rt. £ — rect.) A b

25-4-2 |f the diagonals of a parallelogram B C
are congruent, then the parallelogram
is a rectangle.

(7 with diags. = — rect.) A b

. J
You will prove Theorems 25-4-1 and 25-4-2 in Exercises 31 and 28.

L) EXAMPLE 4
. R MCC9-12.G.MG.1

Carpentry Application

A contractor built a wood frame
~~ for the side of a house so that
@ my.hrw.com XY = WZ and XW = YZ. Using a
tape measure, the contractor
found that XZ = WY. Why must
the frame be a rectangle?

Both pairs of opposite sides of
WXYZ are congruent, so WXYZ is
Online Video Tutor a parallelogram. Since XZ = WY,
the diagonals of COWXYZ are
congruent. Therefore the frame
is a rectangle by Theorem 25-4-2.

David Papazian/Getty Images
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‘Know Tl Theorems Conditions for Rhombuses ) ~
? 1olZ THEOREM EXAMPLE
I 25-4-3 If one pair of consecutive sides of a F G
parallelogram are congruent, then the
parallelogram is a rhombus.
C ey (D with one pair cons. sides = — rhombus) E H
U 7 25-4-4 [f the di Is of llel
-4- e diagonals of a parallelogram are F G
!rnhgcr)?:rrntsozgpsiiil%/ perpendicular, then the parallelogram ﬁ
i i h .
through 25-5-5, the Ijja ' .:?g.us i homb E H
quadrilateral must be ( With diags. - — rhom us)
a parallelogram. 25-4-5 If one diagonal of a parallelogram bisects a F G
pair of opposite angles, then the parallelogram
is a rhombus.
(7 with diag. bisecting opp. 4 — rhombus) E H
\ J

6 aCHECK 1. A carpenter’s square can be used to test that an
ITour! angle is a right angle. How could the contractor

use a carpenter’s square to check that the frame

is a rectangle?

Below are some conditions you can use to determine whether

a parallelogram is a rhombus.

You will prove Theorems 25-4-3 and 25-4-4 in Exercises 32 and 30.

PROOF . Theorem 25-4-5

JL bisects ZKJM and ZKLM.

2. /1= /2, /3= /4 2
3. JL=JL 3
4. ANJKL = AIML 4.
5. JK=IM 5. CPCTC
6 6

. JKLM is a rhombus.

ASA Steps 2, 3

K L
Given: JKLM is a parallelogram.
JL bisects ZKJM and ZKLM.
Prove: JKLM is a rhombus.
Proof: J M
Statements Reasons
1. JKLM is a parallelogram. 1. Given

. Def. of £ bisector
. Reflex. Prop. of =

. [J with one pair cons.
sides = — rhombus

To prove that a given quadrilateral is a square, it is sufficient to show that
the figure is both a rectangle and a rhombus. You will explain why this is

true in Exercise 43.

25-4 Conditions for Special Parallelograms
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L) EXAMPLE

Online Video Tutor

You can also

prove that a given
quadrilateral is a
rectangle, rhombus,
or square by using
the definitions of the
special quadrilaterals.

T EXAMPLE
MCC9-12.G.GPE.5

Online Video Tutor

Applying Conditions for Special Parallelograms

Determine if the conclusion is valid. If not, tell what
additional information is needed to make it valid.
A Given: AB = CD, BC=AD,
AD 1 DC,AC L BD
Conclusion: ABCD is a square.
Step 1 Determine if ABCD is a parallelogram.
AB = C_D, BC=AD Given
ABCD is a parallelogram. Quad. with opp. sides = — [J
Step 2 Determine if ABCD is a rectangle.
AD 1 DC, so ZADCis aright angle. ~ Def. of 1
ABCD is a rectangle. J with one rt. / — rect.

Step 3 Determine if ABCD is a rhombus.

AC L BD Given

ABCD is arhombus. 7 with diags. | — rhombus
Step 4 Determine if ABCD is a square.

Since ABCD is a rectangle and a rhombus, it has four right angles
and four congruent sides. So ABCD is a square by definition.
The conclusion is valid.

B Given: AB= BC
Conclusion: ABCD is a rhombus.
The conclusion is not valid. By Theorem 25-4-3, if one pair of
consecutive sides of a parallelogram are congruent, then the
parallelogram is a rhombus. To apply this theorem, you must first
know that ABCD is a parallelogram.

6 aCHECK 2. Determine if the conclusion is valid. B
IT out! If not, tell what additional information

is needed to make it valid.
Given: ZABC is a right angle. A ¢
Conclusion: ABCD is a rectangle.

Identifying Special Parallelograms in the Coordinate Plane

Use the diagonals to determine whether a parallelogram with
the given vertices is a rectangle, rhombus, or square. Give all the
names that apply.

A A(0,2),B(3,6),C(8,6),D(5,2) 7
Step 1 Graph CIABCD. | BG.©) @6
Step 2 Determine if ABCD is a rectangle.

4
AC=1/(8 — 0)* + (6 — 2)° 1
2 A(0, 2) D5, 2)
=180 = 4/5 T T =
BD =1/(5—3)* + (2 — 6)? 0f 2 4 6 8
=120 =2v5
Since 44/5 + 24/5, ABCD is not a rectangle.
Thus ABCD is not a square.
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3 4. GET ORGANIZED Copy and complete
_W the graphic organizer. In each box,

Step 3 Determine if ABCD is a rhombus.

— 6-2
slope of AC = —8 0

Since (%) (=2) =
B E(-4,-1),F(-3,2),G(3,0),H(2,-3)
Step 1 Graph (JEFGH.
Step 2 Determine if EFGH is a rectangle.

slope of BD = u ==2

-3
1 BD. ABCD is a rhombus.

Q| NIH

EG=1\/[3-(-4)]? +[0 - (-]
50 = 52
FH=1\/[2 - (-3)F + (-3 - 2)?
=50 = 5v2
Since 5v/2 = 51/2, the diagonals are congruent.
EFGH is a rectangle.
Step 3 Determine if EFGH is a rhombus.
—_0-(-1) _1
slopeof EG= ——= ==
P 3_(—4) 7
= —3-2 _ -5
slopeof FH=———"=-=—=—1
P 2_(-3) 5

Since (%)(—1) + —1, EG f FH.

So EFGH is a not a rhombus and cannot be a square.

CHECK = Use the diagonals to determine whether a parallelogram
IT out!
with the given vertices is a rectangle, rhombus, or square.

Give all the names that apply.
3a. K(-5, —1),L(-2,4), M(3,1),
3b. P(—4,6),Q(2,5), R(3, 1), S(—

N(O, —4)
3,0)

~ MATHEMATICAL
< PRACTICES

THINK AND DISCUSS

1. What special parallelogram is formed when the diagonals of a
parallelogram are congruent? when the diagonals are perpendicular?
when the diagonals are both congruent and perpendicular?

2. Draw a figure that shows why this statement is not necessarily true:
If one angle of a quadrilateral is a right angle, then the quadrilateral
is a rectangle.

3. Arectangle can also be defined as a parallelogram with a right angle.

Explain why this definition is accurate.
Conditions for Rectangles
and Rhombuses

Rectangle

write at least three conditions for
the given parallelogram.

N =
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SEE EXAMPLE

SEE EXAMPLE

SEE EXAMPLE

1

Independent Practice

For See
Exercises Example

6 1
7-8 2
9-10 3

@ my.hrw.com
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Online Extra Practice
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L Homework Help

GUIDED PRACTICE

1. Gardening A city garden club is planting a
square garden. They drive pegs into the ground
at each corner and tie strings between each pair.
The pegs are spaced so that WX = XY = YZ = ZW.
How can the garden club use the diagonal strings
to verify that the garden is a square?

Determine if the conclusion is valid. If not, tell what
additional information is needed to make it valid. A B
2. Given: AC = BD
Conclusion: ABCD is a rectangle.
3. Given: AB || CD, AB= CD, AB 1 BC D C
Conclusion: ABCD is a rectangle.

Multi-Step Use the diagonals to determine whether a parallelogram with the
given vertices is a rectangle, rhombus, or square. Give all the names that apply.

4. P(-5,2),0Q(4,5), R(6, 1), S(-3, —4)
5. W(-6,0), X(1, 4), Y(2, —4), Z(—5, —8)

PRACTICE AND PROBLEM SOLVING

6. Crafts A framer uses a clamp to hold
together the pieces of a picture frame.
The pieces are cut so that PQ = RS and
QR = SP. The clamp is adjusted so that
PZ, QZ, RZ, and SZ are all equal.

Why must the frame be a rectangle?

R
Determine if the conclusion is valid. If not, tell what
additional information is needed to make it valid. £
7. Given: EG and FH bisect each other. EG 1. FH
Conclusion: EFGH is a rhombus. H F
8. Given: FH bisects ZEFG and ZEHG. G

Conclusion: EFGH is a rhombus.

Multi-Step Use the diagonals to determine whether a parallelogram with the
given vertices is a rectangle, rhombus, or square. Give all the names that apply.

9. A(-10, 4), B(—2, 10), C(4, 2), D(—4, —4)
10. J(—9, —7), K(—4, —2), L(3, —3), M(-2, —8)

Tell whether each quadrilateral is a parallelogram, rectangle, rhombus, or square.
Give all the names that apply.

11. 12 13.

Module 25 Proving Theorems about Parallelograms
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HOT)

Tell whether each quadrilateral is a parallelogram, rectangle, rhombus, or square.
Give all the names that apply.

14. t 15. 16.

17. J//ERROR ANALYSIS/// In CDJABCD, AC = BD. Which conclusion is incorrect?
Explain the error. B C

®

ABCD s a rectangle. ABCD is a square. A D

Give one characteristic of the diagonals of each figure that would make the
conclusion valid.

18. Conclusion: JKLM is a rhombus. 19. Conclusion: PQRS is a square.
K L Q ; R
N T
J M P i S

The coordinates of three vertices of CJABCD are given. Find the coordinates of D
so that the given type of figure is formed.

20. A(4, —2), B(—5, —2), C(4, 4); rectangle ~ 21. A(-5, 5), B(0, 0), C(7, 1); rhombus
22. A(0,2), B(4, —2), C(0, —6); square 23. A(2,1), B(-1,5), C(—5, 2); square

Find the value of x that makes each parallelogram the given type.

24. rectangle 25. rhombus 26. square
14 — x

2x+5 .
(5x —3)° L (13x + 5.5)

27. Critical Thinking The diagonals of a quadrilateral are perpendicular bisectors
of each other. What is the best name for this quadrilateral? Explain your answer.

28. Complete the two-column proof of Theorem 25-4-2 by filling in the blanks.

Given: EFGH is a parallelogram. F G
EG = HF
Prove: EFGH is a rectangle. £ y
Proof:
Statements Reasons
1. EFGH is a parallelogram. EG = HF 1. Given
2. EF= HG 2.a._ 2
3.b. ? 3. Reflex. Prop. of =
4. NEFH = AHGE 4. c. ?
5. ZFEH = d. ? 5. e. ?
6. ZFEH and ZGHE are supplementary. 6. f. ?
7. 9. ? 7. = A supp. — rt. &
8. EFGH is a rectangle. 8. h. ?
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Real-World
Connectio

15

HOT. 31.

HOT

HOT

. 34.

29.

30.

32.

33.

35.

Construction Use the diagonals to construct each figure. Then use the theorems

A state fair takes place on a plot of land given by the coordinates
A(-2,3), B(1, 2), C(2, —1), and D(—1, 0).
a. Show that the opposite sides of quadrilateral ABCD are parallel.

b. A straight path connects A and C, and another path connects B and D.
Use slopes to prove that these two paths are perpendicular.

¢. What can you conclude about ABCD? Explain your answer.

Complete the paragraph proof of Theorem 25-4-4
by filling in the blanks.

Given: PQRS is a parallelogram. PR 1 QS
Prove: PQRS is a rhombus. p s

Proof:
It is given that PQRS is a parallelogram. The diagonals of a
parallelogram bisect each other, so PT'=a. __? .Bythe
Reflexive Property of Congruence, QT =b. 2 .Itis given

that PR L QS, so ZQTP and ZQTR are right angles by the
definition ofc.  ? . Then ZQTP = ZQTRby thed. ?

So AQTP = AQTRbye. ? ,andQP=f. ? ,byCPCTC.
By Theorem 25-4-3, if one pair of consecutive sides of a
parallelogram are congruent, then the parallelogram is a

g. ? .Therefore PQRS is rhombus.

Write a two-column proof of Theorem 25-4-1. B C

Given: ABCD is a parallelogram. ZA is a right angle.

Prove: ABCD is a rectangle. Al D

Write a paragraph proof of Theorem 25-4-3. K L
Given: JKLM is a parallelogram. JK = KL
Prove: JKLM is a rhombus. J iy

Algebra Four lines are represented by the equations below.
Ly=—x+1 my=-x+7 ny=2x+1 py=2x+7
a. Graph the four lines in the coordinate plane.

b. Classify the quadrilateral formed by the lines.

c¢. What if...? Suppose the slopes of lines n and p change to 1.
Reclassify the quadrilateral.

Write a two-column proof. H
Given: FHJN and GLMF are parallelograms. G J
FG=FN F
Prove: FGKN is a rhombus. N L
M

Write About It Write a biconditional statement based on the theorems about
the diagonals of rectangles. Write a biconditional statement based on the theorems
about the diagonals of rhombuses. Can you write a biconditional statement based
on the theorems about opposite angles in parallelograms? Explain your answer.

from this lesson to explain why your method works.

36.

rectangle 37. rhombus 38. square
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[ TEST PREP

39. In CIPQRS, PR and QS intersect at T. What additional information Q R
is needed to conclude that PQRS is a rectangle? T
@® PT=QT © PTLQT
PT =RT D PT bisects ZQPS. P S

40. Which of the following is the best name for figure WXYZ with vertices W(-3, 1),
X(1,5), Y(8, —2), and Z(4, —6)?

(P Parallelogram (@ Rectangle @ Rhombus @ Square
41. Extended Response L K
a. Write and solve an equation to find the value of x. . X
b. Is JKLM a parallelogram? Explain. 15XN
¢. Is JKLM a rectangle? Explain. (5x + 6)°
d. Is JKLM a rhombus? Explain. /
\(13x+ 12)° /
_ CHALLENGE AND EXTEND 2 c
42. Given: AC = DF, AB = DE, AB | BC, DE 1 EF, V
BE | EF, BC || EF
Prove: EBCF is a rectangle. b ]

43. Critical Thinking Consider the following statement: If a

quadrilateral is a rectangle and a rhombus, then it is a square. M

a. Explain why the statement is true.

b. If a quadrilateral is a rectangle, is it necessary to show that all four sides are
congruent in order to conclude that it is a square? Explain.

¢. If a quadrilateral is a rhombus, is it necessary to show that all four angles are
right angles in order to conclude that it is a square? Explain.

44. Cars Asyou turn the crank of a car jack,
the platform that supports the car rises. 3
Use the diagonals of the parallelogram to "5} :
explain whether the jack forms a
rectangle, rhombus, or square.

g

R FOCUS ON MATHEMATICAL PRACTICES

PRACTICES

HOT 45. Properties Give the most specific name for the parallelogram with the given
properties.

a. diagonals are congruent and perpendicular
b. diagonals bisect each other and are congruent
c. diagonals are perpendicular
HOT 46. Justify Coco made a skating rink in her back yard. The rink is a quadrilateral PQRS

where PQ is parallel to RS, PQ is congruent to RS, and PR is congruent to QS. What
type of quadrilateral is her rink? Justify your answer.
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Assessment and Intervention
@ - Properties of Parallelograms

A pantograph is used to copy drawings. Its legs form a
parallelogram. In LJJKLM, LM = 17 cm, KN = 13.5 cm,
and mZKJM = 102°. Find each measure.

1. KM 2. K] 3. MN
4. m/JKL 5. mZJML 6. mZKLM

7. Three vertices of CJABCD are A(-3, 1), B(5, 7),
and C(6, 2). Find the coordinates of vertex D.

WXYZ is a parallelogram. X y
Find each measure. (5a — 39)°
8. WX 9. YZ 6b—7 106 =19
(3a + 27)°
10. msZX 1. ms4W w z
@ 252 Conditions for Parallelograms

12. Show that RSTVis a parallelogram 13. Show that GHJK is a parallelogram

forx=6and y = 4.5. form =12 and n =9.5.

7x+6
R Xt s y (7m — 29)°
8y—8 6y + 1
Vv %—6 T G 2m + 31) (12n + 11) '«

Determine if each quadrilateral must be a parallelogram. Justify your answer.

17. Show that a quadrilateral with vertices C(— —4, 8), E(2, 6), and F(—3, 2)

is a parallelogram.

@ - Properties of Special Parallelograms

The flag of Jamaica is a rectangle with stripes along the diagonals. Q
In rectangle QRST, QS = 80.5, and RS = 36. Find each length.

18. SpP 19. QT 20. TR 21. TP

GHJK is a rhombus. Find each measure. fa—7
22. HJ
3a+9
23. m/HJG and mZGHJ if m/JLH = (4b — 6)°
and mZJKH = (2b + 11)°

24. Given: QSTVis arhombus. PT=RT p R
Prove: PQ = RQ v S
7




@' 25-4 Conditions for Special Parallelograms

Determine if the conclusion is valid. If not, tell what additional information
is needed to make it valid. B I
25. Given: AC | BD
Conclusion: ABCD is a rhombus.
26. Given: AB = CD, AC = BD, 4B || CD
Conclusion: ABCD is a rectangle.

A D

Use the diagonals to determine whether a parallelogram with the given vertices is a
rectangle, rhombus, or square. Give all the names that apply.

27. W(-2,2),X(1,5), Y(7, 1), Z(4, —4) 28. M(—4,5),N(1,7), P(3,2), Q(—2, 0)
29. Given: VX and ZX are midsegments of ATWY. TW = TY w
Prove: TVXZ is a rhombus. v
T X
V4

i

“TEOMMON

i CORE GPS

Selected Response 3. An artist designs a rectangular quilt piece with
different types of ribbon that go from the corner
to the center of the quilt. The dimensions of the
rectangle are AB = 10 inches and AC = 14 inches.

1. The diagram shows the parallelogram-shaped
component that attaches a car’s rearview mirror to
the car. In parallelogram RSTU, UR = 25, RX = 16,

Find BX.
and mZSTU = 42.4°. Find ST, XT, and mZRST.
B C
S T
R U X
A ST =16, XT = 25, mZRST = 42.4° A D
ST =25, XT = 16, mZRST = 47.8°
@A BX =7 inches © BX =5 inches

(© ST =25,XT =16, mZRST = 137.6°

BX = 10 inches BX = 14 inches
(D ST =5,XT =4, m/RST = 137.6° @
2. Use the diagonals to determine whether a L
parallelogram with vertices A(—1, —2), B(—2, 0), Mini-Task
(0, 1), and D(1, —1) is a rectangle, rhombus, or

square. Give all the names that apply. 4. Two vertices of a parallelogram are A(2, 3) and

B(8, 11), and the intersection of the diagonals

@ rectangle, rhombus, square is X(7, 6). Find the coordinates of the other two
(® rectangle, rhombus vertices.

(® rectangle

(D square
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