80 CHAPTER2 Functionsand Their Graphs

X Problems 81-88 require the following discussion of a secant line. The slope of the secant line containing the two points (x, f(x)) and
(x + h, f(x + h)) on the graph of a function y = f(x) may be given as
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In calculus, this expression is called the difference quotient of f.

(a) Express the slope of the secant line of each function in terms of x and h. Be sure to simplify your answer.
(b) Find my. for h = 0.5,0.1, and 0.01 at x = 1. What value does my.. approach as h approaches 0?

(c) Find the equation for the secant line at x = 1 with h = 0.01.

(d) Use a graphing utility to graph f and the secant line found in part (c) on the same viewing window.
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8L f(x)=2x+5 82. f(x) = —-3x+2 83. f(x) = x>+ 2x 84. f(x) =2x" + x
85. f(x)=2x>—3x+1 86. f(x)=—x*+3x -2 87. f(x) = % 88. f(x) = %

Explaining Concepts: Discussion and Writing

89. Draw the graph of a function that has the following 93. Can a function be both even and odd? Explain.
properties: domain: all real numbers; range: all real numbers; 94. Using a graphing utility, graph y = 5 on the interval (=3, 3).
intercepts: (0, =3) and (3, 0); a local maximum value of —2 Use MAXIMUM to find the local maximum values on
is at —1; a local minimum value of —6 is at 2. Compare your (—3,3). Comment on the result provided by the calculator.

h with th f others. t diff . . .
grapi wi ose of others. Comment on any differences 95. A function f has a positive average rate of change on the

90. Redo Problem 89 with the following additional information: interval [2,5].Is fincreasing on [2, 5]? Explain.
increasing on (—o0,—1),(2,00); decreasing on (—1,2).
Again compare your graph with others and comment on any
differences.

96. Show that a constant function f(x) = b has an average rate
of change of 0. Compute the average rate of change of

] ] ] ) ¥ = /4 — x? on the interval [ -2, 2]. Explain how this can
91. How many x-intercepts can a function defined on an interval happen.

have if it is increasing on that interval? Explain.

92. Suppose that a friend of yours does not understand the idea
of increasing and decreasing functions. Provide an explana-
tion, complete with graphs, that clarifies the idea.

‘Are You Prepared?’ Answers

L2<x<5 2.1 3. symmetric with respect to the y-axis 4. y +2=5x-3) 5. (—3,0),(3,0), (0, -9)

2.4 Library of Functions; ~
Piecewise-defined Functions

PREPARING FOR THIS SECTION Before getting started, review the following:

e Intercepts (Section 1.2, pp. 11-12) e Graphs of Key Equations (Section 1.2:
Example 3, p. 10; Example 10, p. 15;
Example 11, p. 15; Example 12, p. 16)

AN

*. Now Work the ‘Are You Prepared?’ problems on page 87.

OBJECTIVES 1 Graph the Functions Listed in the Library of Functions (p.80)
2 Graph Piecewise-defined Functions (p.85)

1 Graph the Functions Listed in the Library of Functions

First we introduce a few more functions, beginning with the square root function.
On page 15, we graphed the equation y = V/x. Figure 28 shows a graph of the
function f(x) = Vx. Based on the graph, we have the following properties:



Figure 28
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Properties of f(x) = V/x

1. The domain and the range are the set of nonnegative real numbers.

2. The x-intercept of the graph of f(x) = Vx is 0. The y-intercept of the
graph of f(x) = Vxis also 0.

3. The function is neither even nor odd.
4. The function is increasing on the interval (0, 00).
5. The function has an absolute minimum of 0 at x = 0.

( EXAMPLE 1 |

Solution

Table 4

Graphing the Cube Root Function

(a) Determine whether f(x) = V/x is even, odd, or neither. State whether the graph
of f is symmetric with respect to the y-axis or symmetric with respect to the origin.

(b) Determine the intercepts, if any, of the graph of f(x) = V'x.

(¢c) Graph f(x) = Vx.

(a) Because

f(=x) = V=x = —Vx = —f(x)

the function is odd. The graph of f is symmetric with respect to the origin.
(b) The y-intercept is f(0) = V0 = 0. The x-intercept is found by solving the
equation f(x) = 0.
f(x) =0
V=0 fx)=Vx
x = 0 Cube both sides of the equation.
The x-intercept is also 0.

(c) Use the function to form Table 4 and obtain some points on the graph. Because
of the symmetry with respect to the origin, we find only points (x, y) for which
x = 0. Figure 29 shows the graph of f(x) = Vx.

5 y=fx)=¥x x, y) Figure 29
0 0 (0,0

i) i) (l 1)

8 2 8'2

1 1 (1,1

2 V2~ 1.26 (2v2)

8 2 82

From the results of Example 1 and Figure 29, we have the following properties
of the cube root function.

Properties of f(x) =¥ x

1. The domain and the range are the set of all real numbers.

2. The x-intercept of the graph of f(x) = V/xis 0.The y-intercept of the graph
of f(x) = Vxisalso 0.

3. The graph is symmetric with respect to the origin. The function is odd.

4. The function is increasing on the interval (—00, 00).

5. The function does not have any local minima or any local maxima.
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[ EXAMPLE 2 ] Graphing the Absolute Value Function

(a) Determine whether f(x) = |x|is even, odd, or neither. State whether the graph of
f is symmetric with respect to the y-axis or symmetric with respect to the origin.

(b) Determine the intercepts, if any, of the graph of f(x) = |x|.
(c) Graph f(x) = |u].
Solution  (a) Because

f(=x) = [=x|
=[xl = f(x)
the function is even. The graph of f is symmetric with respect to the y-axis.
(b) The y-intercept is f(0) = |[0| = 0. The x-intercept is found by solving the
equation f(x) = 0 or |x| = 0. So the x-intercept is 0.
(c) Use the function to form Table 5 and obtain some points on the graph. Because

of the symmetry with respect to the y-axis, we need to find only points (x, y) for
which x = 0. Figure 30 shows the graph of f(x) = |x|.

Table 5 X y= fix) = |X| (x,y) Figure 30
0 0 (0,0)
1 1 ()
2 2 (2,2)
3 3 3,3)
-3 -2 -1 1 2 3 X
AN

~ (0,0) .J

From the results of Example 2 and Figure 30, we have the following properties
of the absolute value function.

Properties of f(x) = |x|

1. The domain is the set of all real numbers. The range of fis {y|y = 0}.

2. The x-intercept of the graph of f(x) = |x| is 0. The y-intercept of the
graph of f(x) = |x|is also 0.

3. The graph is symmetric with respect to the y-axis. The function is even.

4. The function is decreasing on the interval (=00, 0). It is increasing on the
interval (0, 00).

5. The function has an absolute minimum of 0 at x = 0.

{ Seeing the Concept

Graph y = |x| on a square screen and compare what you see with Figure 30. Note that some graphing
calculators use abs(x) for absolute value. J

Below is a list of the key functions that we have discussed. In going through this list,
pay special attention to the properties of each function, particularly to the shape of
each graph. Knowing these graphs along with key points on each graph will lay the
foundation for further graphing techniques.

Figure 31 Constant Function Constant Function
y

fx)=b f(x)=»>b b is a real number

(0.0)

X See Figure 31.



Figure 32 Identity Function
y f(x) = x
3 —
o 01)
| | | | | |
-3 0,00 3 x
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Figure 33 Square Function

fi = y2
y (x)=x
(=2.4) 4r (2, 4)
=1,1) - (1,1
| | | | | | | |
-4 (0,0)[ 4 x
Figure 34 Cube Function
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The domain of a constant function is the set of all real numbers; its range is the
set consisting of a single number b. Its graph is a horizontal line whose y-intercept is b.
The constant function is an even function.

Identity Function

flx) =x

See Figure 32.

The domain and the range of the identity function are the set of all real
numbers. Its graph is a line whose slope is 1 and whose y-intercept is 0. The line
consists of all points for which the x-coordinate equals the y-coordinate. The
identity function is an odd function that is increasing over its domain. Note that the
graph bisects quadrants I and III.

Square Function

f(x) = @

See Figure 33.

The domain of the square function f is the set of all real numbers; its range is
the set of nonnegative real numbers. The graph of this function is a parabola whose
intercept is at (0, 0). The square function is an even function that is decreasing on
the interval (—00, 0) and increasing on the interval (0, c0).

Cube Function

See Figure 34.

The domain and the range of the cube function are the set of all real numbers.
The intercept of the graph is at (0, 0). The cube function is odd and is increasing on
the interval (—00, 00).

Square Root Function

See Figure 35.

The domain and the range of the square root function are the set of nonnega-
tive real numbers. The intercept of the graph is at (0, 0). The square root function is
neither even nor odd and is increasing on the interval (0, 00).

Cube Root Function

flx) = Vx

See Figure 36.

The domain and the range of the cube root function are the set of all real
numbers. The intercept of the graph is at (0, 0). The cube root function is an odd
function that is increasing on the interval (—o0, 00).
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Reciprocal Function

fx) =+

Figure 37 Reciprocal Function

Refer to Example 12, page 16, for a discussion of the equation y = l See
Figure 37. *

The domain and the range of the reciprocal function are the set of all nonzero
real numbers. The graph has no intercepts. The reciprocal function is decreasing on
-2 2 X the intervals (—o0, 0) and (0, c0) and is an odd function.

Absolute Value Function

f(x) = ||

Figure 38 Absolute Value Function See Figurc? 38. ] . )
The domain of the absolute value function is the set of all real numbers;its range is

the set of nonnegative real numbers. The intercept of the graph is at (0, 0). If x = 0,
then f(x) = x, and the graph of f is part of the line y = x;if x < 0, then f(x) = —x,
and the graph of f is part of the line y = —x. The absolute value function is an even
function;it is decreasing on the interval (— 00, 0) and increasing on the interval (0, c0).

The notation int(x) stands for the largest integer less than or equal to x. For
example,

1
int(1) = 1, int(2.5) = 2, int<2) =0, int(—i) =1, int(m) =3

This type of correspondence occurs frequently enough in mathematics that we give
it a name.

DEFINITION Greatest Integer Function

f(x) = int(x)* = greatest integer less than or equal to x

_J

We obtain the graph of f(x) = int(x) by plotting several points. See Table 6. For
Table 6 values of x, —1 = x < 0, the value of f(x) = int(x) is —1; for values of x,
0 = x < 1, the value of f is 0. See Figure 39 for the graph.

y = f(x)
X = int(x) (x, y) Figure 39 Greatest Integer Function
=1 =1 (=1,=1) y
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The domain of the greatest integer function is the set of all real numbers; its
range is the set of integers. The y-intercept of the graph is 0. The x-intercepts lie in
the interval [0, 1). The greatest integer function is neither even nor odd. It is
constant on every interval of the form [k, k + 1), for k an integer. In Figure 39, we use
a solid dot to indicate, for example, that at x = 1 the value of f is f(1) = 1; we use
an open circle to illustrate that the function does not assume the value of 0 at x = 1.
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* Some books use the notation f(x) = [x] instead of int(x).



Figure 40 f(x) = int(x)
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Although a precise definition requires the idea of a limit, discussed in calculus,
in a rough sense, a function is said to be continuous if its graph has no gaps or holes
and can be drawn without lifting a pencil from the paper on which the graph is
drawn. We contrast this with a discontinuous function. A function is discontinuous if
its graph has gaps or holes so that its graph cannot be drawn without lifting a pencil
from the paper.

From the graph of the greatest integer function, we can see why it is also called
a step function. At x = 0, x = £1, x = £2, and so on, this function is discontinuous
because, at integer values, the graph suddenly “steps” from one value to another
without taking on any of the intermediate values. For example, to the immediate left
of x = 3, the y-coordinates of the points on the graph are 2, and at x = 3 and to the
immediate right of x = 3, the y-coordinates of the points on the graph are 3. So, the
graph has gaps in it.

COMMENT When graphing a function using a graphing utility, you can choose either the connected
mode, in which points plotted on the screen are connected, making the graph appear without any
breaks, or the dot mode, in which only the pointe plotted appear. When graphing the greatest integer
function with a graphing utility, it may be necessary to be in the dot mode. This is to prevent the utility
from “connecting the dots” when f(x) changes from one integer value to the next. See Figure 40. ]

The functions discussed so far are basic. Whenever you encounter one of them,
you should see a mental picture of its graph. For example, if you encounter the
function f(x) = x% you should see in your mind’s eye a picture like Figure 33.

m -Now Work prroBLEMS 9 THROUGH 16

Graph Piecewise-defined Functions

Sometimes a function is defined using different equations on different parts of its
domain. For example, the absolute value function f(x) = |x| is actually defined by
two equations: f(x) = x if x = 0 and f(x) = —x if x < 0. For convenience, these
equations are generally combined into one expression as

x ifx=0
—x ifx <O

£ =l = §

When a function is defined by different equations on different parts of its domain,
it is called a piecewise-defined function.

( EXAMPLE 3 |

Solution

Analyzing a Piecewise-defined Function
The function f is defined as

2x+1 if-3=x<1
flx) = 2 ifx=1
X ifx >1

(a) Find f(—2), f(1), and f(2). (b) Determine the domain of f.
(c) Locate any intercepts. (d) Graph f.
(e) Use the graph to find the range of f. (f) Is f continuous on its domain?

(a) To find f(—2), observe that when x = —2 the equation for f is given by
f(x) = —2x + 1. So

f(=2)=-2(-2)+1=5
When x = 1, the equation for f is f(x) = 2. That is,
(1) =2
When x = 2, the equation for f is f(x) = x% So
f2)=2"=4
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Figure 41

(b) To find the domain of f, look at its definition. Since f'is defined for all x greater
than or equal to —3, the domain of fis {x|x = —3}, or the interval [—3, 00).

(c) The y-intercept of the graph of the function is f(0). Because the equation for f
when x = 01is f(x) = —2x + 1, the y-intercept is f(0) = —2(0) + 1 = 1. The
x-intercepts of the graph of a function f are the real solutions to the equation
f(x) = 0.To find the x-intercepts of f, solve f(x) = 0 for each “piece” of the
function and then determine if the values of x, if any, satisfy the condition that
defines the piece.

f(x)=0 f(x)=0 f(x)=0
2x+1=0 3=x<1 2=0 x=1 x¥=0x>1
—2x = —1 No solution x=0
1
)

The first potential x-intercept, x = > satisfies the condition —3 = x < 1, so

1. . . . .
x = 5 is an x-intercept. The second potential x-intercept, x = 0, does not satisfy

1
the condition x > 1, so x = 0 is not an x-intercept. The only x-intercept is >
1
The intercepts are (0, 1) and (2, 0>.

(d) To graph f, graph “each piece.” First graph the line y = —2x + 1 and keep only
the part for which —3 = x < 1. Then plot the point (1,2) because, when
x = 1, f(x) = 2. Finally, graph the parabola y = x* and keep only the part for
which x > 1. See Figure 41.

(e) From the graph, we conclude that the range of f is {y|y > —1}, or the interval
(1, 00).

(f) The function f is not continuous because there is a “jump” in the graph

at x = 1. .J

"’ -Now Work rproBLEM 29

( EXAMPLE 4 |

Solution

Cost of Electricity

In the summer of 2009, Duke Energy supplied electricity to residences of Ohio for
a monthly customer charge of $4.50 plus 4.2345¢ per kilowatt-hour (kWhr) for
the first 1000 kWhr supplied in the month and 5.3622¢ per kWhr for all usage over
1000 kWhr in the month.

(a) What is the charge for using 300 kWhr in a month?
(b) What is the charge for using 1500 kWhr in a month?

(c) If C is the monthly charge for x kWhr, develop a model relating the monthly
charge and kilowatt-hours used. That is, express C as a function of x.

Source: Duke Energy, 2009.

(a) For 300 kWhr, the charge is $4.50 plus 4.2345¢ = $0.042345 per kWhr. That is,
Charge = $4.50 + $0.042345(300) = $17.20

(b) For 1500 kWhr, the charge is $4.50 plus 4.2345¢ per kWhr for the first 1000 kK Whr
plus 5.3622¢ per kWhr for the 500 kWhr in excess of 1000. That is,

Charge = $4.50 + $0.042345(1000) + $0.053622(500) = $73.66

(c) Let x represent the number of kilowatt-hours used. If 0 = x = 1000, the
monthly charge C (in dollars) can be found by multiplying x times $0.042345
and adding the monthly customer charge of $4.50. So, if 0 = x = 1000, then
C(x) = 0.042345x + 4.50.



Figure 42
C
0 (1500, 73.66)
=
S 60
=
%30 450 (1000, 46.85)
S 11 |(3|0(|)’|1|7'|20|) L1
500 1000 1500 x
Usage (kWhr)
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For x > 1000, the charge is 0.042345(1000) + 4.50 + 0.053622(x — 1000),
since x — 1000 equals the usage in excess of 1000 kWhr, which costs $0.053622 per
kWhr. That is, if x > 1000, then

C(x) = 0.042345(1000) + 4.50 + 0.053622(x — 1000)
= 46.845 + 0.053622(x — 1000)
= 0.053622x — 6.777

The rule for computing C follows two equations:

Clx) = {0.042345x +4.50 if0 = x = 1000 e Vodel
~ 10.053622x — 6.777 if x > 1000 c
See Figure 42 for the graph. .J

2.4 Assess Your Understanding

‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. Sketch the graph of y = Vx. (p. 15)

1
2. Sketch the graph of y = P (p- 16)

Concepts and Vocabulary

3. List the intercepts of the equation y = x> — 8. (pp. 11-12)

4. The function f(x) = x> is decreasing on the interval 7. True or False The cube root function is odd and is
. decreasing on the interval (—00, c0).
5. When functions are defined by more than one equation, 8. True or False The domain and the range of the reciprocal
they are called functions. function are the set of all real numbers.

6. True or False The cube function is odd and is increasing

on the interval (—00, c0).

Skill Building

In Problems 9-16, match each graph to its function.

A. Constant function
E. Square root function

\ 9. \/

\13.

B. Identity function
E Reciprocal function

\ 10, ~—ouy

\14.

C. Square function
G. Absolute value function

In Problems 17-24, sketch the graph of each function. Be sure to label three points on the graph.

17. f(x) = x 18. f(x) = x*
2. f(x) :% 22. f(x) = |x|
x? ifx <0
25. If f(x) =2 ifx=20
2x +1 ifx >0
find: (a) f(-2) (d) £(0) () f(2)
mo - (373 4155
find: (a) f(0) (d) £(1) (©) f2) (@) f3)

D. Cube function
H. Cube root function

\ 12. \0/

19. f(x) = x° 20. f(x) = Vx
23. f(x) = Vx 24. f(x) =3
—3x ifx < —1
26. If f(x) =40 ifx = —1
222 + 1 ifx > —1
find: (a) f(—2) (®) f(-1) (c) £(0)
3 if—2=x<1

28. If f(x) = {3x )

find: (a) f(-1)

fl=x=4

(b) f(0)

() f(1) (d) fB3)
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In Problems 29-40:

(a) Find the domain of each function.
(d) Based on the graph, find the range.

/

32.

35.

38.

29.

(b) Locate any intercepts.
(e) Is f continuous on its domain?

(c) Graph each function.

2x ifx #0 3x ifx #0 —2x + 3 ifx <1
0 = {1 itx=0 30 1(x) = {4 ifx =0 3L flx) = {3x—2 ifx =1
43 < -2 x+3 if—2=x<1 2x + 5 if-3=x<0
X x < —
flx) = {—2x—3 fy= 2 33. f(x) =45 ifx=1 3. f(x) =4 -3 ifx=0
a —x +2 ifx>1 —5x ifx >0
L4x  ifx<0 L ite <o x| it2=x<0
X Hx < - i x X H-2=x<
f(X):{z : 36. f(x) =% 37-f(X)={3 -
= >
X ifx =0 Vi dr=0 X ifx >0

f-3=x<1
ifx>1

2—x
f(x)—{\/;

39. f(x) = 2int(x)

40. f(x) = int(2x)

In Problems 4144, the graph of a piecewise-defined function is given. Write a definition for each function.

41.

45.

y 4. y
2t 2
2.1
e L &Y @1)
| | | | | | | |
=2 (0,0 2 x =2 00 2x
B Lt

If f(x) = int(2x), find

(a) f(1.2) (b) f(1.6) (©) f(~18)

Applications and Extensions

43.

46.

Y 4.

If f(x) = int(%), find

(a) f(12) (b) f(1.6) (c) f(=18)

47.

48.

Cell Phone Service Sprint PCS offers a monthly cellular
phone plan for $39.99. It includes 450 anytime minutes and
charges $0.45 per minute for additional minutes. The follow-
ing function is used to compute the monthly cost for a
subscriber:

39.99
C =
) {O.45x 16251

where x is the number of anytime minutes used. Compute
the monthly cost of the cellular phone for use of the
following number of anytime minutes:

(a) 200 (b) 465
Source: Sprint PCS

Parking at O’Hare International Airport The short-term
(no more than 24 hours) parking fee F (in dollars) for park-

ing x hours at O’Hare International Airport’s main parking
garage can be modeled by the function

if0 = x =450
if x > 450

(c) 451

3 fo0<x=3
F(x)=4q5int(x + 1) +1 if3<x<9
50 if9=x=24

Determine the fee for parking in the short-term parking
garage for

(a) 2 hours (b) 7 hours

(d) 8 hours and 24 minutes

Source: O’Hare International Airport

(c) 15 hours

49. Cost of Natural Gas

50. Cost of Natural Gas

In April 2009, Peoples Energy had
the following rate schedule for natural gas usage in single-
family residences:

Monthly service charge $15.95
Per therm service charge
1st 50 therms $0.33606/therm
Over 50 therms $0.10580/therm
Gas charge $0.3940/therm

(a) What is the charge for using 50 therms in a month?

(b) What is the charge for using 500 therms in a month?

(c) Develop a model that relates the monthly charge C for
x therms of gas.

(d) Graph the function found in part (c).

Source: Peoples Energy, Chicago, Illinois, 2009

In April 2009, Nicor Gas had the
following rate schedule for natural gas usage in single-
family residences:
Monthly customer charge
Distribution charge

$8.40

1st 20 therms $0.1473/therm

Next 30 therms $0.0579/therm

Over 50 therms $0.0519/therm
Gas supply charge $0.43/therm

(a) What is the charge for using 40 therms in a month?

(b) What is the charge for using 150 therms in a month?

(c) Develop a model that gives the monthly charge C for x
therms of gas.

(d) Graph the function found in part (c).

Source: Nicor Gas, Aurora, Illinois, 2009



