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98. Can a one-to-one function and its inverse be equal? What
must be true about the graph of f for this to happen? Give
some examples to support your conclusion.

99. Draw the graph of a one-to-one function that contains the
points 0, 0 , and 1, 5 . Now draw the graph of
its inverse. Compare your graph to those of other students.
Discuss any similarities. What differences do you see?

100. Give an example of a function whose domain is the set of
real numbers and that is neither increasing nor decreasing on
its domain, but is one-to-one.

[Hint: Use a piecewise-defined function.]

21211-2, -32,
101. Is every odd function one-to-one? Explain.

102. Suppose that C g represents the cost C, in dollars, of manu-
facturing g cars. Explain what 800,000 represents.

103. Explain why the horizontal-line test can be used to identify
one-to-one functions from a graph.

21C -1
21

Explaining Concepts: Discussion and Writing 

96. Period of a Pendulum The period T (in seconds) of a sim-
ple pendulum as a function of its length l (in feet) is given by

(a) Express the length l as a function of the period T.
(b) How long is a pendulum whose period is 3 seconds?

T1l2 = 2pA l
32.2

97. Given

find If under what conditions on a, b, c, and d
is f = f-1?

c Z 0,f-11x2. f1x2 = ax + b
cx + d

‘Are You Prepared?’ Answers

1. Yes; for each input x there is one output y.

2. Increasing on decreasing on 

3. 5x ƒ x Z -6, x Z 36 1- q , 0210, q2; 4. , x Z 0, x Z -1
x

1 - x

Now Work the ‘Are You Prepared?’ problems on page 278.

OBJECTIVES 1 Evaluate Exponential Functions (p. 267)

2 Graph Exponential Functions (p. 271)

3 Define the Number e (p. 274)

4 Solve Exponential Equations (p. 276)

5.3 Exponential Functions

• Exponents (Appendix A, Section A.1, pp. A7–A9,
and Section A.10, pp. A81–A87)

• Graphing Techniques: Transformations (Section 2.5,
pp. 90–99)

• Solving Equations (Appendix A, Section A.6,
pp. A44–A51)

• Average Rate of Change (Section 2.3,
pp. 74–76)

• Quadratic Functions (Section 3.3, pp. 134–142)
• Linear Functions (Section 3.1, pp. 118–121)
• Horizontal Asymptotes (Section 4.2,

pp. 191–192)

PREPARING FOR THIS SECTION Before getting started, review the following:

Evaluate Exponential Functions
In Appendix A, Section A.10, we give a definition for raising a real number a to a
rational power. Based on that discussion, we gave meaning to expressions of the form

where the base a is a positive real number and the exponent r is a rational number.
But what is the meaning of where the base a is a positive real number and

the exponent x is an irrational number? Although a rigorous definition requires
methods discussed in calculus, the basis for the definition is easy to follow: Select a
rational number r that is formed by truncating (removing) all but a finite number of
digits from the irrational number x. Then it is reasonable to expect that

ax L ar

ax,

ar

1
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It can be shown that the familiar laws for rational exponents hold for real
exponents.

(a) (b)
(c) (d)
(e)

Now Work P R O B L E M 1 5

212 L 2.665144143
21.4142 L 2.66511908921.414 L 2.66474965
21.41 L 2.65737162821.4 L 2.639015822Solution

THEOREM Laws of Exponents

If s, t, a, and b are real numbers with and then

(1) 1s = 1  a-s = 1
as = a 1

a
b s  a0 = 1

 as # at = as + t  1as2t = ast  1ab2s = as # bs

b 7 0,a 7 0

Introduction to Exponential Growth
Suppose a function f has the following two properties:

1. The value of f doubles with every 1-unit increase in the independent variable x.
2. The value of f at is 5, so .

Table 1 shows values of the function f for , and 4.
We seek an equation that describes this function f.The key fact is that

the value of f doubles for every 1-unit increase in x.

Double the value of f at 0 to get the value at 1.

Double the value of f at 1 to get the value at 2.

The pattern leads us to

f1x2 = 2f1x - 12 = 215 # 2x-12 = 5 # 2x

f142 = 2f132 = 215 # 232 = 5 # 24

f132 = 2f122 = 215 # 222 = 5 # 23

f122 = 2f112 = 215 # 22 = 5 # 22

f112 = 2f102 = 2 # 5 = 5 # 21

f102 = 5

y = f1x2 x = 0, 1, 2, 3

f102 = 5x = 0

Table 1

x f(x)

0 5

1 10

2 20

3 40

4 80

For example, take the irrational number Then an approximation
to is

where the digits after the hundredths position have been removed from the value
for A better approximation would be

where the digits after the hundred-thousandths position have been removed.
Continuing in this way, we can obtain approximations to to any desired degree
of accuracy.

Most calculators have an key or a caret key for working with exponents.

To evaluate expressions of the form enter the base a, then press the key

(or the key), enter the exponent x, and press (or ).! ENTER !! =  !! ¿  !
! xy !ax,

! ¿  !! xy !

ap

ap L a3.14159

p.

ap L a3.14

ap
p = 3.14159 Á .

Using a Calculator to Evaluate Powers of 2

Using a calculator, evaluate:
(a) (b) (c) (d) (e) 21221.414221.41421.4121.4

EXAMPLE 1

!
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DEFINITION An exponential function is a function of the form

where a is a positive real number , , and is a real number.
The domain of is the set of all real numbers. The base a is the growth factor,
and because , we call C the initial value.f102 = Ca0 = C

f
C Z 0a Z 11a 7 02f1x2 = Cax

In the definition of an exponential function, we exclude the base because
this function is simply the constant function . We also need to
exclude bases that are negative; otherwise, we would have to exclude many values of x

from the domain, such as and [Recall that 

and so on, are not defined in the set of real numbers.]
Finally, transformations (vertical shifts, horizontal shifts, reflections, and so on) of a
function of the form also represent exponential functions.

Some examples of exponential functions are

Notice for each function that the base of the exponential expression is a constant
and the exponent contains a variable.

In the function , notice that the ratio of consecutive outputs is
constant for 1-unit increases in the input.This ratio equals the constant 2, the base of
the exponential function. In other words,

and so on 

This leads to the following result.

f112
f102 = 5 # 21

5
= 2  

f122
f112 = 5 # 22

5 # 21 = 2  
f132
f122 = 5 # 23

5 # 22 = 2 

f1x2 = 5 # 2x

f1x2 = 2x F1x2 = a1
3
bx

+ 5 G1x2 = 2 # 3x - 3

f1x2 = Cax

1-323>4 = 44 1-323 = 24 -27,

1-221>2 = 2-2,x = 3
4

.x = 1
2

f1x2 = C # 1x = C
a = 1WARNING It is important to distinguish

a power function, 
an integer, from an exponential function,

. In a power
function, the base is a variable and the
exponent is a constant. In an exponential
function, the base is a constant and
the exponent is a variable. "

a 7 0f1x2 = C # ax, a Z 1,

axn, n Ú 2,g1x2 =

THEOREM For an exponential function if x is any
real number, then 

 or f1x + 12 = af1x2f1x + 12
f1x2 = a

f1x2 = Cax, where a 7 0 and a Z 1,

Proof

"

f1x + 12
f1x2 = Cax + 1

Cax = ax + 1 - x = a1 = a

In Words
For 1-unit changes in the input x
of an exponential function

, the ratio
of consecutive outputs is the
constant a.

f(x) = C # ax

x y

-1 5

0 2

1 -1

2 -4

3 -7

x y

-1 2

0 4

1 7

2 11

3 16

x y

-1 32

0 16

1 8

2 4

3 2

(a) (c)(b)

Identifying Linear or Exponential Functions

Determine whether the given function is linear, exponential, or neither. For those
that are linear, find a linear function that models the data. For those that are
exponential, find an exponential function that models the data.

EXAMPLE 2



For each function, compute the average rate of change of y with respect to x and the
ratio of consecutive outputs. If the average rate of change is constant, then the function
is linear. If the ratio of consecutive outputs is constant, then the function is exponential.

Solution

270 CHAPTER 5 Exponential and Logarithmic Functions

(a) See Table 2(a). The average rate of change for every 1-unit increase in x is -3.
Therefore, the function is a linear function. In a linear function the average rate
of change is the slope m, so . The y-intercept b is the value of the
function at , so . The linear function that models the data is

.
(b) See Table 2(b). For this function, the average rate of change from to 0 is -16,

and the average rate of change from 0 to 1 is -8. Because the average rate of
change is not constant, the function is not a linear function. The ratio of 

consecutive outputs for a 1-unit increase in the inputs is a constant, . Because

the ratio of consecutive outputs is constant, the function is an exponential 

function with growth factor . The initial value of the exponential functiona = 1
2

1
2

-1
f1x2 = mx + b = -3x + 2

b = 2x = 0
m = -3

Table 2

x y Average Rate of Change Ratio of Consecutive Outputs

2

2

0 4
3

1 7
4

2 11

5
3 16

16
11

11
7

7
4

¢y

¢x
= 4 - 2

0 - (-1)
= 2

-1

x y Average Rate of Change Ratio of Consecutive Outputs

32

0 16
!8

1 8
!4

2 4

!2
3 2

2
4

= 1
2

4
8

= 1
2

8
16

= 1
2

16
32

= 1
2

¢y

¢x
= 16 - 32

0 - (-1)
= -16

-1

x y Average Rate of Change Ratio of Consecutive Outputs

5

0 2
!3

1
!3 4

2

!3
3 -7

7
4

-4

-1

- 1
2

2
5

¢y

¢x
= 2 - 5

0 - (-1)
= -3

-1

(a)

(c)

(b)
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is . Therefore, the exponential function that models the data is

.

(c) See Table 2(c). For this function, the average rate of change from to 0 is 2,
and the average rate of change from 0 to 1 is 3. Because the average rate of
change is not constant, the function is not a linear function. The ratio of
consecutive outputs from to 0 is 2, and the ratio of consecutive outputs from 0

to 1 is . Because the ratio of consecutive outputs is not a constant, the function

is not an exponential function.

Now Work P R O B L E M 2 5

7
4

-1

-1

g1x2 = Cax = 16 # a1
2
bx

C = 16

!

x

y

3

(2, 4)

(1, 2)

(0, 1)

( )–2,

6

3

1–
4 ( )–1, 1–

2( )–3, 1–
8

y ! 0

Figure 18

Graph Exponential Functions
If we know how to graph an exponential function of the form , then we
could use transformations (shifting, stretching, and so on) to obtain the graph of any
exponential function.

First, we graph the exponential function f1x2 = 2x.

f1x2 = ax

2

The domain of is the set of all real numbers. We begin by locating some
points on the graph of as listed in Table 3.

Since for all x, the range of is From this, we conclude that the
graph has no x-intercepts, and, in fact, the graph will lie above the x-axis for all x.
As Table 3 indicates, the y-intercept is 1. Table 3 also indicates that as the
values of get closer and closer to 0.We conclude that the x-axis is
a horizontal asymptote to the graph as This gives us the end behavior for
x large and negative.

To determine the end behavior for x large and positive, look again at Table 3.As
grows very quickly, causing the graph of to rise very

rapidly. It is apparent that is an increasing function and hence is one-to-one.
Using all this information, we plot some of the points from Table 3 and connect

them with a smooth, continuous curve, as shown in Figure 18.

f
f1x2 = 2xx: q , f1x2 = 2x

x: - q .
1y = 02f1x2 = 2x

x: - q

10, q2.f2x 7 0
f1x2 = 2x,

f1x2 = 2xSolution

Table 3 x

!10

!3

!2

!1

0

1

2

3

10  210 = 1024

 23 = 8

 22 = 4

 21 = 2

 20 = 1

 2-1 = 1
2

 2-2 = 1
4

 2-3 = 1
8

 2-10 L 0.00098

f(x) ! 2x

As we shall see, graphs that look like the one in Figure 18 occur very frequently
in a variety of situations. For example, the graph in Figure 19 on page 272 illustrates

Graphing an Exponential Function

Graph the exponential function: f1x2 = 2x

EXAMPLE 3

!
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Figure 19

We shall have more to say about situations that lead to exponential growth later
in this chapter. For now, we continue to seek properties of exponential functions.

The graph of in Figure 18 is typical of all exponential functions of the
form with Such functions are increasing functions and hence are
one-to-one. Their graphs lie above the x-axis, pass through the point and
thereafter rise rapidly as As the x-axis is a horizontal
asymptote. There are no vertical asymptotes. Finally, the graphs are smooth and
continuous with no corners or gaps.

Figure 20 illustrates the graphs of two more exponential functions whose bases
are larger than 1. Notice that the larger the base, the steeper the graph is when

, and when , the larger the base, the closer the graph of the equation is to
the x-axis.

x 6 0x 7 0

1y = 02x: - q ,x: q .
10, 12,a 7 1.f(x) = ax

f1x2 = 2x

Seeing the Concept
Graph and compare what you see to Figure 18. Clear the screen and graph and 
and compare what you see to Figure 20. Clear the screen and graph and Y2 = 100x.Y1 = 10x

Y2 = 6xY1 = 3xY1 = 2x

Properties of the Exponential Function 

1. The domain is the set of all real numbers or using interval
notation; the range is the set of positive real numbers or using
interval notation.

2. There are no x-intercepts; the y-intercept is 1.
3. The x-axis is a horizontal asymptote as .

4. is an increasing function and is one-to-one.

5. The graph of contains the points and .

6. The graph of is smooth and continuous, with no corners or gaps. See
Figure 21.

f

a -1, 
1
a
b11, a2,10, 12,f

f1x2 = ax, where a 7 1,
C lim
x: - q

ax = 0 Dx: - q1y = 02
10, q21- q , q2f(x) ! ax, a>1

Now consider when 0 6 a 6 1.f1x2 = ax

y ! 0 x

y = 6x

y = 3x

y

–3 3

(1, 3)

(1, 6)

(0, 1)

6

3

( )–1, 1–
6

( )–1, 1–
3

Figure 20

y ! 0 x

y

(0, 1)
−1, )1

a

(1, a)
(

Figure 21

the number of cellular telephone subscribers at the end of each year from 1985
to 2008. We might conclude from this graph that the number of cellular
telephone subscribers is growing exponentially.
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The domain of consists of all real numbers. As before, we locate some

points on the graph by creating Table 4. Since for all x, the range of is

the interval The graph lies above the x-axis and so has no x-intercepts. The

y-intercept is 1. As grows very quickly. As the 

values of approach 0. The x-axis is a horizontal asymptote as 
It is apparent that is a decreasing function and so is one-to-one. Figure 22
illustrates the graph.

f
x: q .1y = 02f1x2 x: q ,f1x2 = a1

2
bx

x: - q ,

10, q2. fa1
2
bx

7 0

f1x2 = a1
2
bx

Solution

x

y

3

(2, 4)

(1, 2)

(0, 1)

( )–2,

6

3

1–
4 ( )–1, 1–

2( )–3, 1–
8

x

y

–3 3

(–2, 4)

(–1, 2)

(0, 1)
1,

3,( )( )( )
2,

6

3

1–
2

( )1–
2

1–
4

1–
8

(a)   y ! 2x (b)   y ! 2"x ! ( )1–
2

y ! 0 y ! 0

y !

y ! 2x

x

Replace x by "x ;
Reflect about
the y -axis

x

Figure 23

x

y

–3 3

(–2, 4)

(–1, 2)

(0, 1)
1,

3,( )( )( )
2,

6

3

1–
2 1–

4
1–
8

y ! 0

Figure 22

Table 4

x

!10

!3

!2

!1

0

1

2

3

10  a1
2
b10

L 0.00098

 a1
2
b3

= 1
8

 a1
2
b2

= 1
4

 a1
2
b1

= 1
2

 a1
2
b0

= 1

 a1
2
b - 1

= 2

 a1
2
b - 2

= 4

 a1
2
b - 3

= 8

 a1
2
b - 10

= 1024

f(x) ! a1
2
bx

We could have obtained the graph of from the graph of using 

transformations. The graph of is a reflection about the y-axis of

the graph of (replace x by ). See Figures 23(a) and (b).-xy = 2x

y = a1
2
bx

= 2-x

y = 2xy = a 1
2
bx

Seeing the Concept
Using a graphing utility, simultaneously
graph:

(a)

(b) Y1 = 6x, Y2 = a1
6
b x

Y1 = 3x, Y2 = a1
3
b x

Conclude that the graph of 

for is the reflection about the 
y-axis of the graph of Y1 = ax.

a 7 0,

Y2 = a 1
a
b x

,

The graph of in Figure 22 is typical of all exponential functions of

the form with . Such functions are decreasing and one-to-one.
Their graphs lie above the x-axis and pass through the point The graphs 
rise rapidly as As the x-axis is a horizontal asymptote.
There are no vertical asymptotes. Finally, the graphs are smooth and continuous,
with no corners or gaps.

1y = 02x: q ,x: - q .
10, 12.0 6 a 6 1f1x2 = ax

f1x2 = a1
2
bx

Graphing an Exponential Function

Graph the exponential function: f1x2 = a 1
2
bx

EXAMPLE 4

!
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Figure 24 illustrates the graphs of two more exponential functions whose bases
are between 0 and 1. Notice that the smaller base results in a graph that is steeper
when When , the graph of the equation with the smaller base is closer
to the x-axis.

x 7 0x 6 0.

Properties of the Exponential Function 

1. The domain is the set of all real numbers or using interval
notation; the range is the set of positive real numbers or using
interval notation.

2. There are no x-intercepts; the y-intercept is 1.

3. The x-axis is a horizontal asymptote as .

4. is a decreasing function and is one-to-one.

5. The graph of contains the points and .

6. The graph of is smooth and continuous, with no corners or gaps. See
Figure 25.

f

11, a210, 12,a -1, 
1
a
b ,f

f1x2 = ax, 0 6 a 6 1,
C  lim

x:q
ax = 0 Dx: q1y = 02
10, q21- q , q2f(x) ! ax,  0<a<1

x

( )

( )

y =       x

y

–3 3

(–1, 3)

(0, 1)
1,

6

3

1–
3

1–
3

y ! 0

y =      x( )

( )

(–1, 6)

1, 1–
6

1–
6

Figure 24

x

y

(0, 1) (1, a)
( )–1, 1–a

y ! 0

Figure 25

Begin with the graph of Figure 26 shows the stages.y = 2x.Solution

(3, 8)

(2, 4)

(1, 2)
(0, 1)( ) ( )

( )

"1, 1–
2

x

y

3

10

("3, 8)

("2, 4)

("1, 2)
(0, 1) 1, 1–

2

x

y

"3 1

10

("3, 5)

("2, 1)

(0, "2)
("1, "1) 1, " 5–

2

x

y

2

10

"4

(a)   y ! 2x (b)   y ! 2"x (c)   y ! 2"x " 3

y ! "3

y ! 0y ! 0

Replace x by " x ;
reflect
about y -axis

Subtract 3;
shift down
3 units

Figure 26

As Figure 26(c) illustrates, the domain of is the interval 
and the range is the interval The horizontal asymptote of is the line
y = -3.

f1-3, q2. 1- q , q2f1x2 = 2-x - 3

Define the Number e
As we shall see shortly, many problems that occur in nature require the use of an
exponential function whose base is a certain irrational number, symbolized by the
letter e.

3

Graphing Exponential Functions Using Transformations

Graph and determine the domain, range, and horizontal asymptote
of f.

f1x2 = 2-x - 3

EXAMPLE 5

!

Now Work P R O B L E M 4 1
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One way of arriving at this important number e is given next.

DEFINITION The number e is defined as the number that the expression

(2)

approaches as In calculus, this is expressed using limit notation as

e = lim
n:q

a1 + 1
n
bn

n: q .

a1 + 1
n
bn

Table 5 illustrates what happens to the defining expression (2) as n takes on
increasingly large values. The last number in the right column in the table is correct
to nine decimal places and is the same as the entry given for e on your calculator 
(if expressed correctly to nine decimal places).

The exponential function whose base is the number e, occurs with
such frequency in applications that it is usually referred to as the exponential 
function. Indeed, most calculators have the key or , which may be
used to evaluate the exponential function for a given value of  x.*

! exp1x2 !! ex !

f1x2 = ex,

Seeing the Concept
Graph and compare what you see to Figure 27. Use eVALUEate or TABLE to verify the points on
the graph shown in Figure 27. Now graph and on the same screen as Notice
that the graph of lies between these two graphs.Y1 = ex

Y1 = ex.Y3 = 3xY2 = 2x
Y1 = ex

Table 5
n

1 1 2 2

2 0.5 1.5 2.25

5 0.2 1.2 2.48832

10 0.1 1.1 2.59374246

100 0.01 1.01 2.704813829

1,000 0.001 1.001 2.716923932

10,000 0.0001 1.0001 2.718145927

100,000 0.00001 1.00001 2.718268237

1,000,000 0.000001 1.000001 2.718280469

1,000,000,000 2.7182818271 + 10-910-9

a1 "
1
n
bn

1 "
1
n

1
n

Now use your calculator to approximate for 
and as we have done to create Table 6.The graph of the exponential function

is given in Figure 27. Since the graph of lies between
the graphs of and Do you see why? (Refer to Figures 18 and 20.)y = 3x.y = 2x

y = ex2 6 e 6 3,f1x2 = ex
x = 2,

x = 1,x = -2, x = -1, x = 0,ex

Table 6

x

2

1

0

1

2  e2 L 7.39

 e1 L 2.72

 e0 L 1

 e - 1 L 0.37-

 e - 2 L 0.14-

ex

Begin with the graph of Figure 28 shows the stages.y = ex.Solution

* If your calculator does not have one of these keys, refer to your Owner’s Manual.

(1, e)

0 x

y

3

6

3

(2, e2)

(0, 1)

y ! 0 ( )–2, 1–
e2

( )–1, 1–
e

Figure 27
y = ex

Graphing Exponential Functions Using Transformations

Graph and determine the domain, range, and horizontal asymptote
of f.

f1x2 = -ex - 3

EXAMPLE 6
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As Figure 28(c) illustrates, the domain of is the interval 
and the range is the interval The horizontal asymptote is the line 

Now Work P R O B L E M 5 3

y = 0.1- q , 02. 1- q , q2,f1x2 = -ex - 3

(0, !1)

(1, !e)

(2, !e2)

x

y

!3

!6

3

(3, !1)

(4, !e)

(5, !e2)

x

y

!3

!6
(1, e)

x

y

3

6

3

(2, e2)

(0, 1)

(c) y " !e x!3

y " 0

(b) y " !e x(a) y " e x

y " 0

Replace x by
x − 3;
Shift right
3 units.

Multiply by −1;
Reflect about
x-axis.

y " 0 ( )–2, 1–
e2

( )–2, – 1–
e2 ( )1, – 1–

e2

( )–1, 1–
e

( )–1, – 1–
e

( )2, – 1–
e

Figure 28

Solve Exponential Equations
Equations that involve terms of the form are referred to
as exponential equations. Such equations can sometimes be solved by appropriately
applying the Laws of Exponents and property (3):

ax, where a 7 0 and a Z 1,

4

. (3)If au = av, then u = v

Property (3) is a consequence of the fact that exponential functions are one-to-
one. To use property (3), each side of the equality must be written with the same base.

(a) Since write the equation as

Now we have the same base, 3, on each side. Set the exponents equal to each
other to obtain

The solution set is {3}.
(b)

 x = 11
 4x - 2 = 3x + 9

 2(2x - 1) = 3(x + 3)
 22(2x - 1) = 23(x + 3)

 1222(2x - 1) = 1232(x + 3)

 42x - 1 = 8x + 3

 x = 3
 x + 1 = 4

3x + 1 = 81 = 34

81 = 34,Solution

If au = av, then u = v.

1ar2s = ars

4 = 22; 8 = 23

The solution set is {11}.

Now Work P R O B L E M 6 3

In Words
When two exponential expressions
with the same base are equal,
then their exponents are equal.

!

Solving Exponential Equations

Solve each exponential equation.
(a) (b) 42x - 1 = 8x + 33x + 1 = 81

EXAMPLE 7

!
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Use the Laws of Exponents first to get a single expression with the base e on the
right side.

As a result,

Apply property (3).

Place the quadratic equation in standard form.

Factor.

Use the Zero-Product Property.

The solution set is 5-3, 16. x = -3 or x = 1
 1x + 321x - 12 = 0

 x2 + 2x - 3 = 0
 -x2 = 2x - 3
 e-x2 = e2x - 3

1ex22 # 1
e3 = e2x # e-3 = e2x - 3

Solution

(a) The probability that a car will arrive within 5 minutes is found by evaluating
at 

Use a calculator.

We conclude that there is a 63% probability that a car will arrive within 5 minutes.
(b) The probability that a car will arrive within 30 minutes is found by evaluating

at 

Use a calculator.

There is a 99.75% probability that a car will arrive within 30 minutes.
(c) See Figure 29 for the graph of F.
(d) As time passes, the probability that a car will arrive increases. The value that F

approaches can be found by letting Since it follows that 

as We conclude that F approaches 1 as t gets large. The
algebraic analysis is confirmed by Figure 29.

Now Work P R O B L E M 1 0 7

t: q .e-0.2t: 0

e-0.2t = 1
e0.2t ,t: q .

c
F1302 = 1 - e-0.21302 L 0.9975

t = 30.F1t2
c

F152 = 1 - e-0.2152 L 0.63212

t = 5.F1t2Solution

1

0
0 30

Figure 29

Solving an Exponential Equation

Solve: e-x2 = 1ex22 # 1
e3

EXAMPLE 8

!

Exponential Probability

Between 9:00 PM and 10:00 PM cars arrive at Burger King’s drive-thru at the rate of
12 cars per hour (0.2 car per minute). The following formula from statistics can be
used to determine the probability that a car will arrive within t minutes of 9:00 PM.

(a) Determine the probability that a car will arrive within 5 minutes of 9 PM (that is,
before 9:05 PM).

(b) Determine the probability that a car will arrive within 30 minutes of 9 PM

(before 9:30 PM).
(c) Graph F using your graphing utility.
(d) What value does F approach as t increases without bound in the positive direction?

F1t2 = 1 - e-0.2t

EXAMPLE 9

!
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5.3 Assess Your Understanding

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

6. A(n) is a function of the form
and are real

numbers. The base a is the and C is the
.

7. For an exponential function .

8. True or False The domain of the exponential function
, is the set of all real

numbers.

9. True or False The range of the exponential function
, is the set of all real

numbers.
f1x2 = ax, where a 7 0 and a Z 1

f1x2 = ax, where a 7 0 and a Z 1

f1x + 12
f1x2 =     f1x2 = Cax,

   
     

C Z 0f1x2 = Cax, where a 7 0, a Z 1,
 

1. ; ; . (pp.A7–A9 and

pp.A81–A87)

2. Solve: (pp. A44–A51)

3. True or False To graph shift the graph of
to the left 2 units. (pp. 90–99)y = x3

y = 1x - 223,x2 + 3x = 4

3-2 =82>3 =43 = 4. Find the average rate of change of from
to (pp. 74–76; 118–121)

5. True or False The function has as a
horizontal asymptote. (pp. 191–192)

y = 2f1x2 = 2x
x - 3

x = 4.x = 0
f1x2 = 3x - 5

10. True or False The graph of the exponential function
, has no x-intercept.

11. The graph of every exponential function 
and , passes through three points: _____, _____,

and _____.

12. If the graph of the exponential function 
where , is decreasing, then a must be less
than .

13. If , then .

14. True or False The graphs of and are
identical.

y = a1
3
bx

y = 3x

x =    3x = 34

  
a 7 0 and a Z 1

f1x2 = ax,

a Z 1a 7 0
f1x2 = ax, where

f1x2 = ax, where a 7 0 and a Z 1

Concepts and Vocabulary

Skill Building

In Problems 15–24, approximate each number using a calculator. Express your answer rounded to three decimal places.

15. (a) (b) (c) (d) 32532.23632.2332.2 16. (a) (b) (c) (d) 52351.73251.7351.7

17. (a) (b) (c) (d) 2p23.141523.14123.14 18. (a) (b) (c) (d) 2e22.71822.7122.7

19. (a) (b) (c) (d) pe3.1412.7183.142.713.12.7 20. (a) (b) (c) (d) ep2.7183.1412.713.142.73.1

21. 22. e-1.3e1.2 23. 24. e2.1e-0.85

SUMMARY Properties of the Exponential Function

Domain: the interval range: the interval 
x-intercepts: none; y-intercept: 1
Horizontal asymptote: x-axis as 
Increasing; one-to-one; smooth; continuous
See Figure 21 for a typical graph.

Domain: the interval range: the interval 
x-intercepts: none; y-intercept: 1
Horizontal asymptote: x-axis as 
Decreasing; one-to-one; smooth; continuous
See Figure 25 for a typical graph.

If then u = v.au = av,

x: q1y = 02
10, q21- q , q2;f1x2 = ax, 0 6 a 6 1

x: - q1y = 02
10, q21- q , q2;f1x2 = ax, a 7 1



SECTION 5.3 Exponential Functions 279

In Problems 25–32, determine whether the given function is linear, exponential, or neither. For those that are linear functions, find a linear
function that models the data; for those that are exponential, find an exponential function that models the data.

In Problems 41–52, use transformations to graph each function. Determine the domain, range, and horizontal asymptote of each function.

25. 26. 27. 28.

29. 30. 31. 32.

33. 34. 35. 36.

37. 38.

x f (x )

3

0 6

1 12

2 18

3 30

-1

x g(x)

2

0 5

1 8

2 11

3 14

-1

x H(x)

0 1

1 4

2 16

3 64

1
4

-1

x F(x)

0 1

1

2

3
27
8

9
4

3
2

2
3

-1

x f (x)

0 3

1 6

2 12

3 24

3
2

-1

x g (x)

6

0 1

1 0

2 3

3 10

-1

x H (x )

2

0 4

1 6

2 8

3 10

-1

x F (x )

0

1

2

3
1

32

1
16

1
8

1
4

1
2

-1

In Problems 33–40, the graph of an exponential function is given. Match each graph to one of the following functions.

(a) (b) (c) (d)

(e) (f) (g) (h) y = 1 - 3xy = 31 - xy = 3x - 1y = 3x - 1

y = -3-xy = -3xy = 3-xy = 3x

x

y

2!2

y " 0

3

!1
x

y

2

3

!1
!2

y " 0

y

2

1

!3

!2
y " 0

x x

y

2

1

!3

!2

y " 1

x

y

2

3

!1
!2

y " 0

x

y

2

1

!3

!2
y " 0

x

y

2

3

!1

!2
y " !1

x

y

2

3

!1
!2

y " 0

41. f1x2 = 2x + 1 42. f1x2 = 3x - 2 43. f1x2 = 3x - 1 44. f1x2 = 2x + 2

45. f1x2 = 3 # a1
2
bx

46. f1x2 = 4 # a1
3
bx

47. f1x2 = 3-x - 2 48. f1x2 = -3x + 1

49. f1x2 = 2 + 4x-1 50. f1x2 = 1 - 2x + 3 51. f1x2 = 2 + 3x>2 52. f1x2 = 1 - 2-x>3

53. f1x2 = e-x 54. f1x2 = -ex 55. f1x2 = ex + 2 56. f1x2 = ex - 1

57. f1x2 = 5 - e-x 58. f1x2 = 9 - 3e-x 59. f1x2 = 2 - e-x>2 60. f1x2 = 7 - 3e2x

In Problems 53–60, begin with the graph of [Figure 27] and use transformations to graph each function. Determine the domain,
range, and horizontal asymptote of each function.

y = ex

39. 40.
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In Problems 61–80, solve each equation.

61. 7x = 73 62. 5x = 5-6 63. 2-x = 16 64. 3-x = 81

65. a1
5
bx

= 1
25

66. a 1
4
bx

= 1
64

67. 22x - 1 = 4 68. 5x + 3 = 1
5

69. 3x3 = 9x 70. 4x2 = 2x 71. 8-x + 14 = 16x 72. 9-x + 15 = 27x

73. 3x2 - 7 = 272x 74. 5x2 + 8 = 1252x 75. 4x # 2x2 = 162 76. 92x # 27x2 = 3-1

77. ex = e3x + 8 78. e3x = e2 - x 79. ex2 = e3x # 1
e2 80. 1e42x # ex2 = e12

81. If 4x = 7, what does 4- 2x equal? 82. If 2x = 3, what does 4- x equal?

83. If 3- x = 2, what does 32x equal? 84. If 5- x = 3, what does 53x equal?

85.

In Problems 85–88, determine the exponential function whose graph is given.

86.

87. 88.

x

y

3

(0, 1)

(1, 3)

(2, 9)

(–1,   )

20

4

8

12

16

–2

1–
3

–3 –2 –1 21y " 0 x

y

3

(1, 5)
(0, 1)(–1,   )

20

4

8

12

16

–2

1–
5

–3 –2 –1 21
y " 0

x

y

–1 321

–10

–30

–20

–40

(–1, –   )1–
6

(2, –36)

(1, –6)

(0, –1)

y " 0
x

y

3

2

–4

–12

–8

(–1, –   )1–e

(2, –e2)

(1, –e)

(0, –1)
y " 0

89. Find an exponential function with horizontal asymptote 
whose graph contains the points 0, 3 and 1, 5 .2121 y = 2 90. Find an exponential function with horizontal asymptote

whose graph contains the points and 2, 1 .2-110, -22y = -3

Mixed Practice
91. Suppose that .

(a) What is ? What point is on the graph of f ?

(b) If what is x? What point is on the graph 
of f ?

f1x2 = 1
16

,

f142f(x) = 2x 92. Suppose that 
(a) What is ? What point is on the graph of ?

(b) If what is x? What point is on the graph 
of ?f

f1x2 = 1
9

,

ff(4)
f1x2 = 3x.

93. Suppose that 
(a) What is What point is on the graph of g?
(b) If what is x? What point is on the graph 

of g?
g1x2 = 66,

g1-12?g1x2 = 4x + 2. 94. Suppose that 
(a) What is What point is on the graph of g?
(b) If what is x? What point is on the graph 

of g?
g1x2 = 122,

g1-12?g1x2 = 5x - 3.

95. Suppose that 

(a) What is What point is on the graph of H?
(b) If what is x? What point is on the graph

of H?
(c) Find the zero of H.

H(x) = 12,
H1-62?H1x2 = a 1

2
bx

- 4. 96. Suppose that 

(a) What is What point is on the graph of F?
(b) If what is x? What point is on the graph 

of F?
(c) Find the zero of F.

F1x2 = 24,
F1-52?F1x2 = a 1

3
bx

- 3.
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In Problems 97–100, graph each function. Based on the graph, state the domain and the range and find any intercepts.

97. f1x2 = e e-x if x 6 0
ex if x Ú 0

98. f1x2 = e ex if x 6 0
e-x if x Ú 0

99. f1x2 = e -ex if x 6 0
-e-x if x Ú 0

100. f1x2 = e -e-x if x 6 0
-ex if x Ú 0

101. Optics If a single pane of glass obliterates 3% of the light
passing through it, the percent p of light that passes through
n successive panes is given approximately by the function

(a) What percent of light will pass through 10 panes?
(b) What percent of light will pass through 25 panes?

102. Atmospheric Pressure The atmospheric pressure p on a
balloon or plane decreases with increasing height. This
pressure, measured in millimeters of mercury, is related to
the height h (in kilometers) above sea level by the function

(a) Find the atmospheric pressure at a height of 2 kilo-
meters (over a mile).

(b) What is it at a height of 10 kilometers (over 30,000 feet)?

103. Depreciation The price p, in dollars, of a Honda Civic DX
Sedan that is x years old is modeled by

(a) How much should a 3-year-old Civic DX Sedan cost?
(b) How much should a 9-year-old Civic DX Sedan cost?

104. Healing of Wounds The normal healing of wounds can be
modeled by an exponential function. If represents the
original area of the wound and if A equals the area of the
wound, then the function

describes the area of a wound after n days following an
injury when no infection is present to retard the healing.
Suppose that a wound initially had an area of 100 square
millimeters.
(a) If healing is taking place, how large will the area of the

wound be after 3 days?
(b) How large will it be after 10 days?

105. Drug Medication The function

can be used to find the number of milligrams D of a certain
drug that is in a patient’s bloodstream h hours after the drug
has been administered. How many milligrams will be
present after 1 hour? After 6 hours?

106. Spreading of Rumors A model for the number N of people
in a college community who have heard a certain rumor is

where P is the total population of the community and d is
the number of days that have elapsed since the rumor
began. In a community of 1000 students, how many students
will have heard the rumor after 3 days?

107. Exponential Probability Between 12:00 PM and 1:00 PM,
cars arrive at Citibank’s drive-thru at the rate of 6 cars per

N = P11 - e-0.15d2

D1h2 = 5e-0.4h

A1n2 = A0 e-0.35n

A0

p1x2 = 16,63010.902x

p1h2 = 760e-0.145h

p1n2 = 10010.972n
hour (0.1 car per minute). The following formula from
probability can be used to determine the probability that a
car will arrive within t minutes of 12:00 PM:

(a) Determine the probability that a car will arrive within
10 minutes of 12:00 PM (that is, before 12:10 PM).

(b) Determine the probability that a car will arrive within
40 minutes of 12:00 PM (before 12:40 PM).

(c) What value does F approach as t becomes unbounded in
the positive direction?

(d) Graph F using a graphing utility.
(e) Using INTERSECT, determine how many minutes are

needed for the probability to reach 50%.

108. Exponential Probability Between 5:00 PM and 6:00 PM,
cars arrive at Jiffy Lube at the rate of 9 cars per hour
(0.15 car per minute). The following formula from probabil-
ity can be used to determine the probability that a car will
arrive within t minutes of 5:00 PM:

(a) Determine the probability that a car will arrive within
15 minutes of 5:00 PM (that is, before 5:15 PM).

(b) Determine the probability that a car will arrive within
30 minutes of 5:00 PM (before 5:30 PM).

(c) What value does F approach as t becomes unbounded in
the positive direction?

(d) Graph F using a graphing utility.
(e) Using INTERSECT, determine how many minutes are

needed for the probability to reach 60%.

109. Poisson Probability Between 5:00 PM and 6:00 PM, cars
arrive at McDonald’s drive-thru at the rate of 20 cars per
hour.The following formula from probability can be used to
determine the probability that x cars will arrive between
5:00 PM and 6:00 PM.

where

(a) Determine the probability that cars will arrive
between 5:00 PM and 6:00 PM.

(b) Determine the probability that cars will arrive
between 5:00 PM and 6:00 PM.

110. Poisson Probability People enter a line for the Demon
Roller Coaster at the rate of 4 per minute. The following
formula from probability can be used to determine the
probability that x people will arrive within the next minute.

P1x2 = 4x
 e-4

x!

x = 20

x = 15

x! = x # 1x - 12 # 1x - 22 # Á # 3 # 2 # 1

P1x2 = 20x
 e-20

x!

F1t2 = 1 - e-0.15t

F1t2 = 1 - e-0.1t

Applications and Extensions
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(a) If and 
how much current is flowing after 0.3 second? After
0.5 second? After 1 second?

(b) What is the maximum current?
(c) Graph this function measuring I along the

y-axis and t along the x-axis.
(d) If and 

how much current is flowing after 0.3 second? After
0.5 second? After 1 second?

(e) What is the maximum current?
(f) Graph the function on the same coordinate

axes as I11t2. I = I21t2
I2

L = 10 henrys,R = 5 ohms,E = 120 volts,

I = I11t2,
I1

L = 5 henrys,R = 10 ohms,E = 120 volts,

where

(a) Determine the probability that people will arrive
within the next minute.

(b) Determine the probability that people will arrive
within the next minute.

111. Relative Humidity The relative humidity is the ratio
(expressed as a percent) of the amount of water vapor in the
air to the maximum amount that it can hold at a specific
temperature. The relative humidity, R, is found using the
following formula:

where T is the air temperature (in °F) and D is the dew point
temperature (in °F).
(a) Determine the relative humidity if the air temperature is

50° Fahrenheit and the dew point temperature is 41°
Fahrenheit.

(b) Determine the relative humidity if the air temperature is
68° Fahrenheit and the dew point temperature is 59°
Fahrenheit.

(c) What is the relative humidity if the air temperature and
the dew point temperature are the same?

112. Learning Curve Suppose that a student has 500 vocabulary
words to learn. If the student learns 15 words after 5 minutes,
the function

approximates the number of words L that the student will
learn after t minutes.
(a) How many words will the student learn after 30 minutes?
(b) How many words will the student learn after 60 minutes?

113. Current in a RL Circuit The equation governing the
amount of current I (in amperes) after time t (in seconds) in
a single RL circuit consisting of a resistance R (in ohms), an
inductance L (in henrys), and an electromotive force E (in
volts) is

I = E
R

 31 - e-1R>L2t4

L1t2 = 50011 - e-0.0061t2

R = 10
a 4221

T + 459.4
- 4221

D + 459.4
+ 2b

x = 8

x = 5

x! = x # 1x - 12 # 1x - 22 # Á # 3 # 2 # 1

114. Current in a RC Circuit The equation governing the
amount of current I (in amperes) after time t (in microseconds)
in a single RC circuit consisting of a resistance R (in ohms), a
capacitance C (in microfarads), and an electromotive force E
(in volts) is

I = E
R

 e-t>1RC2
#

L
!

R

E

I

E

I

C

#

!

R

(a) If and micro-
farad, how much current is flowing initially 
After 1000 microseconds? After 3000 microseconds?

(b) What is the maximum current?
(c) Graph the function measuring I along the

y-axis and t along the x-axis.
(d) If and micro-

farads, how much current is flowing initially? After
1000 microseconds? After 3000 microseconds?

(e) What is the maximum current?
(f) Graph the function on the same coordinate axes

as 

115. If f is an exponential function of the form with
growth factor 3 and , what is 

116. Another Formula for e Use a calculator to compute the
values of

for and 10. Compare each result with e.

[Hint:
]

117. Another Formula for e Use a calculator to compute the
various values of the expression. Compare the values to e.

118. Difference Quotient If show that

119. If show that 

120. If show that 

121. If show that f1ax2 = 3f1x24a.f1x2 = ax,

f1-x2 = 1
f1x2 .f1x2 = ax,

f1A + B2 = f1A2 # f1B2.f1x2 = ax,

f1x + h2 - f1x2
h

= ax # ah - 1
h

 h Z 0

f1x2 = ax,

2 + 1
1 + 1

2 + 2
3 + 3

4 + 4
etc.

132122112.n! = n1n - 12 # Á #1! = 1, 2! = 2 # 1, 3! = 3 # 2 # 1,

n = 4, 6, 8,

2 + 1
2!

+ 1
3!

+ Á + 1
n!

f172?f162 = 12
f1x2 = C # ax

I11t2. I = I21t2
I2

C = 2.0R = 1000 ohms,E = 120 volts,

I = I11t2,
1t = 02?I1

C = 1.0E = 120 volts, R = 2000 ohms,
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Recall that a one-to-one function has an inverse function that is defined
(implicitly) by the equation In particular, the exponential function

where and is one-to-one and hence has an inverse
function that is defined implicitly by the equation

This inverse function is so important that it is given a name, the logarithmic function.

x = ay, a 7 0, a Z 1

a Z 1,a 7 0y = f1x2 = ax,
x = f1y2.y = f1x2

Problems 122 and 123 provide definitions for two other transcen-
dental functions.

122. The hyperbolic sine function, designated by sinh x, is defined
as

(a) Show that is an odd function.
(b) Graph using a graphing utility.

123. The hyperbolic cosine function, designated by cosh x, is
defined as

(a) Show that is an even function.f1x2 = cosh x

cosh x = 1
2

 1ex + e-x2
f1x2 = sinh x

f1x2 = sinh x

sinh x = 1
2

 1ex - e-x2
(b) Graph using a graphing utility.
(c) Refer to Problem 122. Show that, for every x,

124. Historical Problem Pierre de Fermat (1601–1665) conjec-
tured that the function

for would always have a value equal to a
prime number. But Leonhard Euler showed
that this formula fails for Use a calculator to deter-
mine the prime numbers produced by for 
Then show that which is not prime.f152 = 641 * 6,700,417,

x = 1, 2, 3, 4.f
x = 5.

(1707–1783)
x = 1, 2, 3, Á ,

f1x2 = 212x2 + 1

1cosh x22 - 1sinh x22 = 1

f1x2 = cosh x

Explaining Concepts: Discussion and Writing

125. The bacteria in a 4-liter container double every minute.After
60 minutes the container is full. How long did it take to fill
half the container?

126. Explain in your own words what the number e is. Provide at
least two applications that use this number.

127. Do you think that there is a power function that increases
more rapidly than an exponential function whose base is
greater than 1? Explain.

128. As the base a of an exponential function 
increases, what happens to the behavior of its graph

for What happens to the behavior of its graph for

129. The graphs of and are identical. Why?y = a 1
a
bx

y = a-x

x 6 0?
x 7 0?

a 7 1
f1x2 = ax, where

1. 64; 4; 2. 3. False 4. 3 5. True{-4, 1}
1
9

‘Are You Prepared?’ Answers

Now Work the ‘Are You Prepared?’ problems on page 292.

OBJECTIVES 1 Change Exponential Statements to Logarithmic Statements and
Logarithmic Statements to Exponential Statements (p. 284)

2 Evaluate Logarithmic Expressions (p. 284)

3 Determine the Domain of a Logarithmic Function (p. 285)

4 Graph Logarithmic Functions (p. 286)

5 Solve Logarithmic Equations (p. 290)

5.4 Logarithmic Functions

• Solving Inequalities (Appendix A, Section A.9,
pp. A75–A78)

• Quadratic Inequalities (Section 3.5,
pp. 155–157)

• Polynomial and Rational Inequalities (Section 4.4,
pp. 214–217)

• Solving Equations (Appendix A, Section A.6,
pp. A44–A46)

PREPARING FOR THIS SECTION Before getting started, review the following:
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As this definition illustrates, a logarithm is a name for a certain exponent. So,
represents the exponent to which a must be raised to obtain x.loga x

DEFINITION The logarithmic function to the base a, where and is denoted by
(read as “y is the logarithm to the base a of x”) and is defined by

The domain of the logarithmic function is x 7 0.y = loga x

y = loga x if and only if x = ay

y = loga x
a Z 1,a 7 0

Change Exponential Statements to Logarithmic Statements
and Logarithmic Statements to Exponential Statements
We can use the definition of a logarithm to convert from exponential form to
logarithmic form, and vice versa, as the following two examples illustrate.

1

Use the fact that and are equivalent.

(a) If then 
(b) If then 
(c) If then 

Now Work P R O B L E M 9

4 = loga 24.a4 = 24,
b = loge 9.eb = 9,

3 = log1.2 m.1.23 = m,

x = ay, where a 7 0 and a Z 1,y = loga xSolution

(a) If then 
(b) If then 
(c) If then 

Now Work P R O B L E M 1 7

3c = 5.log3 5 = c,
e-3 = b.loge b = -3,

a5 = 4.loga 4 = 5,Solution

Evaluate Logarithmic Expressions
To find the exact value of a logarithm, we write the logarithm in exponential
notation using the fact that is equivalent to and use the fact that if

then u = v.au = av,
ay = xy = loga x

2

In Words
When you read , think to
yourself “a raised to what power
gives me x.”

logax

Relating Logarithms to Exponents

(a) If then For example, the logarithmic statement 
is equivalent to the exponential statement 

(b) If then For example, is equivalent to 
1
5

= 5-1.-1 = log5a1
5
bx = 5y.y = log5 x,

81 = 34.
4 = log3 81x = 3y.y = log3 x,

EXAMPLE 1

!

Changing Exponential Statements to Logarithmic Statements

Change each exponential statement to an equivalent statement involving a
logarithm.

(a) (b) (c) a4 = 24eb = 91.23 = m

EXAMPLE 2

!

Changing Logarithmic Statements to Exponential Statements

Change each logarithmic statement to an equivalent statement involving an
exponent.

(a) (b) (c) log3 5 = cloge b = -3loga 4 = 5

EXAMPLE 3

!
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Now Work P R O B L E M 2 5

(a) To evaluate , think “2 raised
to what power yields 16.” So,

Change to exponential
form.

Equate exponents.

Therefore,

(b) To evaluate , think “3 raised

to what power yields .” So,

Change to exponential
form.

Equate exponents.

Therefore, log3 
1

27
= -3.

 y = -3

1
27

= 1
33 = 3-3 3y = 3-3

 3y = 1
27

 y = log3 
1
27

1
27

log3 
1
27

log2 16 = 4.

 y = 4
16 = 24 2y = 24

 2y = 16
 y = log2 16

log2 16Solution

Determine the Domain of a Logarithmic Function
The logarithmic function has been defined as the inverse of the
exponential function That is, if then Based on
the discussion given in Section 5.2 on inverse functions, for a function and its
inverse we have

Consequently, it follows that

Domain of f-1 = Range of f and Range of f-1 = Domain of f

f-1,
f

f-11x2 = loga x.f1x2 = ax,y = ax.
y = loga x

3

In the next box, we summarize some properties of the logarithmic function:

Range of the logarithmic function = Domain of the exponential function = 1- q , q2Domain of the logarithmic function = Range of the exponential function = 10, q2

Domain: 0 6 x 6 q Range: - q 6 y 6 q
y = loga x 1defining equation: x = ay2

The domain of a logarithmic function consists of the positive real numbers, so
the argument of a logarithmic function must be greater than zero.

(a) The domain of F consists of all x for which that is, Using
interval notation, the domain of f is 

(b) The domain of is restricted to

Solving this inequality, we find that the domain of consists of all x between 
and 1, that is, or, using interval notation, 1-1, 12.-1 6 x 6 1

-1g

1 + x
1 - x

7 0

g
1-3, q2. x 7 -3.x + 3 7 0,Solution

Finding the Exact Value of a Logarithmic Expression

Find the exact value of:

(a) (b) log3 
1
27

log2 16

EXAMPLE 4

!

Finding the Domain of a Logarithmic Function

Find the domain of each logarithmic function.

(a) (b) (c) h1x2 = log1>2 ƒx ƒg1x2 = log5a 1 + x
1 - x

bF1x2 = log21x + 32
EXAMPLE 5
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(c) Since provided that the domain of h consists of all real numbers
except zero or, using interval notation,

Now Work P R O B L E M S 3 9  A N D 4 5

10, q2.´1- q , 02x Z 0,ƒx ƒ 7 0,

x

y " loga x

y " xy " ax y

!3 3(1, 0)

(a, 1)

(a, 1)(0, 1) (1, a)

(1, a)
3

!3

(a)   0 $ a $ 1

x

y " xy

!3 3(1, 0)

(0, 1)

3

!3

(b)  a % 1

y " loga x

y " a x

( !1,    )   
1–a

(   ,!1)1–a(   , !1)1–a

(!1,   )

1–a

Figure 30

(0, 1)

x

y

!2 2

2

!2

(1, 0)

(1, 2)

(2, 1)

(          )1
2

, !1

(          )1
2!1,

y " xy " 2x

y " log2x

Figure 31

Graph Logarithmic Functions
Since exponential functions and logarithmic functions are inverses of each other,
the graph of the logarithmic function is the reflection about the line

of the graph of the exponential function as shown in Figure 30.y = ax,y = x
y = loga x

4

For example, to graph graph and reflect it about the line 

See Figure 31.To graph graph and reflect it about the
line See Figure 32.y = x.

y = a1
3
bx

y = log1>3 x,y = x.

y = 2xy = log2 x,

(!1, 3)

(3, !1)

x!3 3

!3

(1, 0)

(0, 1)

(   )1
3

(       )1
3,1

(       )
y " xy "

y " log1/3x

x

3 1
3 1,

y

Figure 32

Now Work P R O B L E M 5 9

The graphs of in Figures 30(a) and (b) lead to the following properties.y = loga x

Properties of the Logarithmic Function 

1. The domain is the set of positive real numbers or using interval
notation; the range is the set of all real numbers or using interval
notation.

2. The x-intercept of the graph is 1. There is no y-intercept.
3. The y-axis is a vertical asymptote of the graph.
4. A logarithmic function is decreasing if and increasing if 

5. The graph of contains the points and 

6. The graph is smooth and continuous, with no corners or gaps.

a 1
a

, -1b .1a, 12,11, 02,f

a 7 1.0 6 a 6 1
1x = 02

1- q , q210, q2f(x) ! logax

!
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If the base of a logarithmic function is the number e, then we have the natural
logarithm function. This function occurs so frequently in applications that it is given
a special symbol, ln (from the Latin, logarithmus naturalis). That is,

(1)

Since and the exponential function are inverse functions, we
can obtain the graph of by reflecting the graph of about the line

See Figure 33.
Using a calculator with an key, we can obtain other points on the graph of

See Table 7.f1x2 = ln x.
! ln !

y = x.
y = exy = ln x

y = exy = ln x

y = ln x if and only if x = ey

In Words
is written y = ln xy = logex

( )
(

!1,

x

y"xy"e x

y"In x

y " 0

x " 0

y

!1

5

!3 3

0, 1

)1, 0

(1, e)

(e, 1)
)

(

1–e

( ),!11–e

Figure 33 Table 7 x ln x

2 0.69

3 1.10

-0.69
1
2

Seeing the Concept
Graph and on the
same square screen. Use eVALUEate to
verify the points on the graph given in
Figure 33. Do you see the symmetry of
the two graphs with respect to the line
y = x?

Y2 = ln xY1 = ex

(a) The domain of f consists of all x for which 
The domain of f is in interval notation.

(b) To obtain the graph of we begin with the graph of 
and use transformations. See Figure 34.

y = ln xy = - ln1x - 22,{x ƒx 7 2} or 12, q2 x - 2 7 0 or, equivalently, x 7 2.Solution

x x x

y

3 3(1, 0)

, !1)(

(e, 1)

(e, !1)

3

(a)   y " In x 

y

(1, 0)!1 !1

!1 !1!1

1 1 1

3

(b)   y " !In x 

1–
e

1–
e)(1–

e , 1
( )

y

531

(3, 0)

(e#2, !1)

3

(c)   y " !In (x ! 2)

  " 2,1

x " 2

x " 0x " 0

Multiply by ! 1;
reflect
about x -axis

Replace x by
x ! 2; shift
right 2 units.

Figure 34

(c) The range of is the set of all real numbers. The vertical
asymptote is [Do you see why? The original asymptote is shifted
to the right 2 units.]

1x = 02x = 2.
f1x2 = - ln1x - 22

Graphing a Logarithmic Function and Its Inverse

(a) Find the domain of the logarithmic function 
(b) Graph f.
(c) From the graph, determine the range and vertical asymptote of f.
(d) Find , the inverse of f.
(e) Find the domain and the range of .
(f) Graph .f -1

f- 1
f -1

f1x2 = - ln1x - 22.EXAMPLE 6
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(d) To find begin with . The inverse function is defined
(implicitly) by the equation

Proceed to solve for y.

Isolate the logarithm.
Change to an exponential statement.
Solve for y.

The inverse of f is .

(e) The domain of equals the range of f , which is the set of all real numbers, from
part (c). The range of is the domain of f, which is in interval notation.

(f) To graph use the graph of f in Figure 34(c) and reflect it about the
line See Figure 35. We could also graph using
transformations.

f -11x2 = e -x + 2y = x.
f -1,

12, q2f -1
f -1

f -11x2 = e-x + 2

 y = e-x + 2
 e-x = y - 2
 -x = ln1y - 22

x = - ln1y - 22
y = - ln1x - 22f-1,

x

y

5

5
(!1, e#2)

(1,    #2)
(0, 3)

(3, 0)
!1

!1

1 " 2, 1)1–
e

x " 2

y " 2

y " x

f !1(x ) " e !x # 2

f (x ) " !ln(x ! 2) (e # 2, !1)

1–
e

(

Figure 35

(0, 1)

(1, 0) x

y

!2 4

4

!2

y # log x

y # x

(           )!1

(          ),!1

y # 10x

1 –– 
10

,1 –– 
10

Figure 36

Now Work P R O B L E M 7 1

If the base of a logarithmic function is the number 10, then we have the
common logarithm function. If the base a of the logarithmic function is not
indicated, it is understood to be 10. That is,

Since and the exponential function are inverse functions, we
can obtain the graph of by reflecting the graph of about the line

See Figure 36.y = x.
y = 10xy = log x

y = 10xy = log x

 y = log x if and only if x = 10y

(a) The domain of f consists of all x for which 
The domain of f is in interval notation.

(b) To obtain the graph of begin with the graph of and
use transformations. See Figure 37.

y = log xy = 3 log1x - 12,{x|x 7 1} or 11, q2 x - 1 7 0 or,  equivalently,  x 7 1.Solution

!

Graphing a Logarithmic Function and Its Inverse

(a) Find the domain of the logarithmic function 
(b) Graph f.
(c) From the graph, determine the range and vertical asymptote of f.
(d) Find the inverse of f.
(e) Find the domain and the range of .
(f) Graph f -1.

f -1
f -1,

f1x2 = 3 log 1x - 12.EXAMPLE 7
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(c) The range of is the set of all real numbers. The vertical
asymptote is 

(d) Begin with The inverse function is defined (implicitly) by the
equation

Proceed to solve for y.

Isolate the logarithm.

Change to an exponential statement.

Solve for y.

The inverse of f is 
(e) The domain of is the range of f, which is the set of all real numbers, from

part (c).The range of is the domain of f, which is in interval notation.
(f) To graph , we use the graph of f in Figure 37(c) and reflect it about the

line See Figure 38. We could also graph using
transformations.

f- 11x2 = 10x>3 + 1y = x.
f- 1

11, q2f- 1
f- 1

f -11x2 = 10x/3 + 1.

 y = 10x/3 + 1

 10x/3 = y - 1

 
x
3

= log 1y - 12
x = 3 log1y - 12

y = 3 log1x - 12.x = 1.
f1x2 = 3 log1x - 12

2

x

y

10 1286

Replace x by x – 1;
horizontal shift right 
1 unit

Multiply by 3; vertical
stretch by a factor of 3.

42–2

–2

(10, 1)
(1, 0) (2, 0)

(2, 0)

x ! 0 x ! 1

2

x

y

10 128642–2

–2

(11, 1)

x ! 1

(a) y ! log x (b) y ! log (x " 1) (c) y ! 3 log (x " 1)

2

x

y

10 128642–2

–2

(11, 3)

,!1)( 1–
10

,!1)(11–
10

,!3)(11–
10

Figure 37

(3, 11)

(11, 3)

(2, 0)

(0, 2)

x

y

12

10

12

"2 4 6 8 10

"2

4

6

8

y ! x

x ! 1

y ! 1

f "1(x ) ! 10x /3 # 1

f (x ) ! 3 log (x " 1)

Figure 38

Now Work P R O B L E M 7 9
!
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Solve Logarithmic Equations
Equations that contain logarithms are called logarithmic equations. Care must be
taken when solving logarithmic equations algebraically. In the expression 
remember that a and M are positive and Be sure to check each apparent
solution in the original equation and discard any that are extraneous.

Some logarithmic equations can be solved by changing the logarithmic equation
to exponential form using the fact that means .ay = xy = loga x

a Z 1.
loga M,

5

(a) We can obtain an exact solution by changing the logarithmic equation to
exponential form.

Change to exponential form using 
means .

Check:

The solution set is {4}.

(b) We can obtain an exact solution by changing the logarithmic equation to
exponential form.

Change to exponential form.

Square Root Method

The base of a logarithm is always positive. As a result, we discard We check
the solution 8.

Check:

The solution set is {8}.

82 = 64log8 64 = 2

-8.

 x = ;264 = ;8
 x2 = 64

 logx 64 = 2

32 = 9log314x - 72 = log314 # 4 - 72 = log3 9 = 2

 x = 4
 4x = 16

 4x - 7 = 9
ay = x

y = loga  x 4x - 7 = 32

 log314x - 72 = 2

Solution

We can obtain an exact solution by changing the exponential equation to logarithmic
form.

Change to logarithmic form using the
fact that if then 

Exact solution

Approximate solution

The solution set is 

Now Work P R O B L E M S 8 7  A N D 9 9

e ln 5
2
f .

 L 0.805

 x = ln 5
2

y = ln x.ey = x
 ln 5 = 2x
 e2x = 5

Solution

Solving Logarithmic Equations

Solve:

(a) (b) logx 64 = 2log314x - 72 = 2

EXAMPLE 8

!

Using Logarithms to Solve an Exponential Equation

Solve: e2x = 5

EXAMPLE 9

!
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Alcohol and Driving

Blood alcohol concentration (BAC) is a measure of the amount of alcohol in a
person’s bloodstream. A BAC of 0.04% means that a person has 4 parts alcohol per
10,000 parts blood in the body. Relative risk is defined as the likelihood of one event
occurring divided by the likelihood of a second event occurring. For example, if an
individual with a BAC of 0.02% is 1.4 times as likely to have a car accident as an
individual that has not been drinking, the relative risk of an accident with a BAC of
0.02% is 1.4. Recent medical research suggests that the relative risk R of having an
accident while driving a car can be modeled by an equation of the form

where x is the percent of concentration of alcohol in the bloodstream and k is a
constant.
(a) Research indicates that the relative risk of a person having an accident with a

BAC of 0.02% is 1.4. Find the constant k in the equation.
(b) Using this value of k, what is the relative risk if the concentration is 0.17%?
(c) Using this same value of k, what BAC corresponds to a relative risk of 100?
(d) If the law asserts that anyone with a relative risk of 5 or more should not have

driving privileges, at what concentration of alcohol in the bloodstream should a
driver be arrested and charged with a DUI (driving under the influence)?

R = ekx

EXAMPLE 10

(a) For a concentration of alcohol in the blood of 0.02% and a relative risk of 1.4,
we let and in the equation and solve for k.

Change to a logarithmic statement.

Solve for k.

(b) For a concentration of 0.17%, we have . Using in the equation,
we find the relative risk R to be

For a concentration of alcohol in the blood of 0.17%, the relative risk of an
accident is about 17.5. That is, a person with a BAC of 0.17% is 17.5 times as
likely to have a car accident as a person with no alcohol in the bloodstream.

(c) For a relative risk of 100, we have . Using in the equation
we find the concentration x of alcohol in the blood obeys

Change to a logarithmic statement.

Solve for x.

For a concentration of alcohol in the blood of 0.27%, the relative risk of an
accident is 100.

 x = ln 100
16.82

L 0.27

 16.82x = ln 100
R = ekx, R = 100; k = 16.82 100 = e16.82x

R = ekx,
k = 16.82R = 100

R = ekx = e116.82210.172 L 17.5

k = 16.82x = 0.17

 k = ln 1.4
0.02

L 16.82

 0.02k = ln 1.4
R = 1.4; x = 0.02 1.4 = ek10.022 R = ekx

R = 1.4x = 0.02
Solution

COMMENT A BAC of 0.30% results 
in a loss of consciousness in most
people. " (d) For a relative risk of 5, we have Using in the equation

we find the concentration x of alcohol in the bloodstream obeys

A driver with a BAC of 0.096% or more should be arrested and charged with
DUI.

 x = ln 5
16.82

L 0.096

 16.82x = ln 5
 5 = e16.82x

R = ekx,
k = 16.82R = 5.

COMMENT Most states use 0.08% or
0.10% as the blood alcohol content at
which a DUI citation is given. "

!
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SUMMARY Properties of the Logarithmic Function

Domain: the interval Range: the interval 

means x-intercept: 1; y-intercept: none; vertical asymptote: (y-axis); increasing;
one-to-one

See Figure 39(a) for a typical graph.

Domain: the interval Range: the interval 

( means ) x-intercept: 1; y-intercept: none; vertical asymptote: (y-axis); decreasing;
one-to-one

See Figure 39(b) for a typical graph.

x = 0x = ayy = loga x

1- q , q210, q2;f1x2 = loga x, 0 6 a 6 1

x = 0x = ay21y = loga x

1- q , q210, q2;f1x2 = loga x, a 7 1

x

y ! loga x

y

"3 3(1, 0)

(a, 1)

, "11
a(

(a, 1)

3

(b)   0 $ a $ 1

x

y

"3 3(1, 0)

3

"3

(a)  a % 1

y ! loga x

, "1)1
a(

x ! 0

x ! 0

"3

)

Figure 39

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

4. The domain of the logarithmic function is
_______.

5. The graph of every logarithmic function where
and passes through three points: _______,

_______, and _______.

a Z 1,a 7 0
f1x2 = loga x,

f1x2 = loga x

1. Solve each inequality:
(a) (pp. A75–A78)
(b) (pp. 155–157)x2 - x - 6 7 0

3x - 7 … 8 - 2x
2. Solve the inequality: (pp. 214–217)

3. Solve: (pp. A44–A51)2x + 3 = 9

x - 1
x + 4

7 0

6. If the graph of a logarithmic function where
and is increasing, then its base must be larger

than .

7. True or False If then 

8. True or False The graph of 
has an x-intercept equal to 1 and no y-intercept.and a Z 1,

f1x2 = loga x, where a 7 0

y = ax.y = loga x,

a Z 1,a 7 0
f1x2 = loga x, 

Concepts and Vocabulary

5.4 Assess Your Understanding

Skill Building

In Problems 9–16, change each exponential statement to an equivalent statement involving a logarithm.

9. 9 = 32 10. 16 = 42 11. a2 = 1.6 12. a3 = 2.1

13. 2x = 7.2 14. 3x = 4.6 15. ex = 8 16. e2.2 = M

17. log2 8 = 3 18. log3a1
9
b = -2 19. loga 3 = 6 20. logb 4 = 2

21. log3 2 = x 22. log2 6 = x 23. ln 4 = x 24. ln x = 4

In Problems 17–24, change each logarithmic statement to an equivalent statement involving an exponent.
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In Problems 25–36, find the exact value of each logarithm without using a calculator.

25. log2 1 26. log8 8 27. log5 25 28. log3a1
9
b

29. log1>2 16 30. log1>3 9 31. log10210 32. log523 25

33. log12 4 34. log13 9 35. ln1e 36. ln e3

(a) y = log3 x (b) y = log31-x2 (c) y = - log3 x (d) y = - log31-x2
(e) y = log3 x - 1 (f) y = log31x - 12 (g) y = log311 - x2 (h) y = 1 - log3 x

63. 64. 65. 66.

67. 68. 69. 70.

49. ln 
5
3

50.
ln 5

3
51.

ln 
10
3

0.04
52.

ln 
2
3

-0.1

53.
ln 4 + ln 2

log 4 + log 2 54.
log 15 + log 20

ln 15 + ln 20
55.

2 ln 5 + log 50
log 4 - ln 2

56.
3 log 80 - ln 5
log 5 + ln 20

In Problems 37–48, find the domain of each function.

37. f1x2 = ln1x - 32 38. g1x2 = ln1x - 12 39. F1x2 = log2 x2

40. H1x2 = log5 x3 41. f1x2 = 3 - 2 log4 cx2 - 5 d 42. g1x2 = 8 + 5 ln12x + 32
43. f1x2 = lna 1

x + 1
b 44. g1x2 = lna 1

x - 5
b 45. g1x2 = log5ax + 1

x
b

46. h1x2 = log3a x
x - 1

b 47. f1x2 = 2ln x 48. g1x2 = 1
ln x

In Problems 49–56, use a calculator to evaluate each expression. Round your answer to three decimal places.

57. Find a so that the graph of contains the point 2, 2 .

58. Find a so that the graph of contains the point a1
2

, -4b .f1x2 = loga x

21f1x2 = loga x

In Problems 59–62, graph each function and its inverse on the same Cartesian plane.

59. f1x2 = 3x; f-11x2 = log3 x 60. f1x2 = 4x; f-11x2 = log4 x

61. f1x2 = a 1
2
bx

; f-11x2 = log1
2
 x 62. f1x2 = a1

3
bx

; f-11x2 = log1
3
 x

In Problems 63–70, the graph of a logarithmic function is given. Match each graph to one of the following functions:

x

y

"5 1

3

"3

x ! 0

x

y

5

3

"1

"3

x ! 1

x

y

1

3

"5

"3

x ! 0

x

y

5

3

"1

"3

x ! 0

x

y

5

3

"1

"3

x ! 0

y

x5

3

"1

"3

x ! 0

x

y

5

3

"1

"3

x ! 0

x

y

1

3

"5

"3

x ! 1

In Problems 71–86, use the given function f to:

(a) Find the domain of f. (b) Graph f. (c) From the graph, determine the range and any asymptotes of f.
(d) Find , the inverse of f. (e) Find the domain and the range of . (f) Graph .f -1f -1f -1

71. f1x2 = ln1x + 42 72. f1x2 = ln1x - 32 73. f1x2 = 2 + ln x 74. f1x2 = - ln1-x2
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75. f1x2 = ln12x2 - 3 76. f1x2 = -2 ln 1x + 12 77. f1x2 = log1x - 42 + 2 78. f1x2 = 1
2

 log x - 5

79. f1x2 = 1
2

  log12x2 80. f1x2 = log1-2x2 81. f1x2 = 3 + log31x + 22 82. f1x2 = 2 - log31x + 12
83. f1x2 = ex + 2 - 3 84. f1x2 = 3ex + 2 85. f1x2 = 2x/3 + 4 86. f1x2 = -3x + 1

87. log3 x = 2 88. log5 x = 3 89. log212x + 12 = 3 90. log313x - 22 = 2

91. logx4 = 2 92. logxa1
8
b = 3 93. ln ex = 5 94. ln e-2x = 8

95. log4 64 = x 96. log5 625 = x 97. log3 243 = 2x + 1 98. log6 36 = 5x + 3

99. e3x = 10 100. e-2x = 1
3

101. e2x + 5 = 8 102. e-2x + 1 = 13

103. log31x2 + 12 = 2 104. log51x2 + x + 42 = 2 105. log2 8x = -3 106. log3 3x = -1

107. 5e0.2x = 7 108. 8 # 102x - 7 = 3 109. 2 # 102 - x = 5 110. 4ex + 1 = 5

In Problems 87–110, solve each equation.

Mixed Practice

111. Suppose that 

(a) What is the domain of G?
(b) What is G(40)? What point is on the graph of G?
(c) If what is x? What point is on the graph 

of G?
(d) What is the zero of G?

G1x2 = 3,

G1x2 = log312x + 12 - 2.

In Problems 113–116, graph each function. Based on the graph, state the domain and the range and find any intercepts.

112. Suppose that 
(a) What is the domain of F?
(b) What is F(7)? What point is on the graph of ?
(c) If what is x? What point is on the graph 

of F?
(d) What is the zero of F?

F1x2 = -1,
F

F1x2 = log21x + 12 - 3.

113. f1x2 = e ln1-x2 if x 6 0
ln x if x 7 0

114. f1x2 = e ln1-x2 if x … -1
- ln1-x2 if -1 6 x 6 0

115. f1x2 = e - ln x if 0 6 x 6 1
ln x if x Ú 1

116. f1x2 = e ln x if 0 6 x 6 1
- ln x if x Ú 1

Applications and Extensions

117. Chemistry The pH of a chemical solution is given by the
formula

where is the concentration of hydrogen ions in moles
per liter. Values of pH range from 0 (acidic) to 14 (alkaline).
(a) What is the pH of a solution for which is 0.1?
(b) What is the pH of a solution for which is 0.01?
(c) What is the pH of a solution for which is 0.001?
(d) What happens to pH as the hydrogen ion concentration

decreases?
(e) Determine the hydrogen ion concentration of an orange

(f) Determine the hydrogen ion concentration of human
blood 

118. Diversity Index Shannon’s diversity index is a measure of
the diversity of a population. The diversity index is given by
the formula

H = -1p1 log p1 + p2 log p2 + Á + pn log pn2
(pH = 7.4).

(pH = 3.5).

[H+]
[H+]
[H+]

[H+]

pH = - log10[H+]

where is the proportion of the population that is species 1,
is the proportion of the population that is species 2, and

so on.
(a) According to the U.S. Census Bureau, the distribution of

race in the United States in 2007 was as follows:

p2

p1

Race Proportion

American Indian or Native Alaskan 0.015

Asian 0.042

Black or African American 0.129

Hispanic 0.125

Native Hawaiian or Pacific Islander 0.003

White 0.686

Source: U.S. Census Bureau

Compute the diversity index of the United States in 2007.
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Loudness of Sound Problems 127–130 use the following discussion: The loudness measured in decibels (dB), of a sound of 

intensity x, measured in watts per square meter, is defined as where watt per square meter is the least intense

sound that a human ear can detect. Determine the loudness, in decibels, of each of the following sounds.

I0 = 10-12L1x2 = 10 log 
x
I0

,

L1x2,

(b) The largest value of the diversity index is given by
where S is the number of categories of

race. Compute 

(c) The evenness ratio is given by where 

If there is complete evenness.
Compute the evenness ratio for the United States.

(d) Obtain the distribution of race for the United States in
2010 from the Census Bureau. Compute Shannon’s
diversity index. Is the United States becoming more
diverse? Why?

119. Atmospheric Pressure The atmospheric pressure p on an
object decreases with increasing height. This pressure,
measured in millimeters of mercury, is related to the height h
(in kilometers) above sea level by the function

(a) Find the height of an aircraft if the atmospheric pressure
is 320 millimeters of mercury.

(b) Find the height of a mountain if the atmospheric pressure
is 667 millimeters of mercury.

120. Healing of Wounds The normal healing of wounds can 
be modeled by an exponential function. If represents the
original area of the wound and if A equals the area of the
wound, then the function

describes the area of a wound after n days following an
injury when no infection is present to retard the healing.
Suppose that a wound initially had an area of 100 square
millimeters.
(a) If healing is taking place, after how many days will the

wound be one-half its original size?
(b) How long before the wound is 10% of its original size?

121. Exponential Probability Between 12:00 PM and 1:00 PM,
cars arrive at Citibank’s drive-thru at the rate of 6 cars per
hour (0.1 car per minute). The following formula from
statistics can be used to determine the probability that a car
will arrive within t minutes of 12:00 PM.

(a) Determine how many minutes are needed for the
probability to reach 50%.

(b) Determine how many minutes are needed for the
probability to reach 80%.

(c) Is it possible for the probability to equal 100%? Explain.

122. Exponential Probability Between 5:00 PM and 6:00 PM, cars
arrive at Jiffy Lube at the rate of 9 cars per hour (0.15 car per
minute).The following formula from statistics can be used to

F1t2 = 1 - e-0.1t

A(n) = A0 e-0.35n

A0

p(h) = 760e-0.145h

EH = 1,0 … EH … 1.

EH = H
Hmax

,

Hmax .
Hmax = log1S2, determine the probability that a car will arrive within 

t minutes of 5:00 PM.

(a) Determine how many minutes are needed for the
probability to reach 50%.

(b) Determine how many minutes are needed for the
probability to reach 80%.

123. Drug Medication The formula

can be used to find the number of milligrams D of a certain
drug that is in a patient’s bloodstream h hours after the drug
was administered.When the number of milligrams reaches 2,
the drug is to be administered again. What is the time
between injections?

124. Spreading of Rumors A model for the number N of people
in a college community who have heard a certain rumor is

where P is the total population of the community and d is the
number of days that have elapsed since the rumor began. In
a community of 1000 students, how many days will elapse
before 450 students have heard the rumor?

125. Current in a RL Circuit The equation governing the
amount of current I (in amperes) after time t (in seconds) in
a simple RL circuit consisting of a resistance R (in ohms), an
inductance L (in henrys), and an electromotive force E
(in volts) is

If and how long
does it take to obtain a current of 0.5 ampere? Of 1.0 ampere?
Graph the equation.

126. Learning Curve Psychologists sometimes use the function

to measure the amount L learned at time t. The number A
represents the amount to be learned, and the number k
measures the rate of learning. Suppose that a student has an
amount A of 200 vocabulary words to learn. A psychologist
determines that the student learned 20 vocabulary words
after 5 minutes.
(a) Determine the rate of learning k.
(b) Approximately how many words will the student have

learned after 10 minutes?
(c) After 15 minutes?
(d) How long does it take for the student to learn 180 words?

L1t2 = A11 - e-kt2
L = 5 henrys,E = 12 volts, R = 10 ohms,

I = E
R

 31 - e-1R>L2t4

N = P11 - e-0.15d2

D = 5e-0.4h

F1t2 = 1 - e-0.15t

127. Normal conversation: intensity of watt per square
meter.

128. Amplified rock music: intensity of watt per square
meter.

10-1

x = 10-7 129. Heavy city traffic: intensity of watt per square
meter.

130. Diesel truck traveling 40 miles per hour 50 feet away: intensity
10 times that of a passenger car traveling 50 miles per hour
50 feet away whose loudness is 70 decibels.

x = 10-3
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OBJECTIVES 1 Work with the Properties of Logarithms (p. 296)

2 Write a Logarithmic Expression as a Sum or Difference of 
Logarithms (p. 298)

3 Write a Logarithmic Expression as a Single Logarithm (p. 299)

4 Evaluate Logarithms Whose Base Is Neither 10 Nor e (p. 301)
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The Richter Scale Problems 131 and 132 use the following discussion: The Richter scale is one way of converting seismographic 
readings into numbers that provide an easy reference for measuring the magnitude M of an earthquake. All earthquakes are compared to
a zero-level earthquake whose seismographic reading measures 0.001 millimeter at a distance of 100 kilometers from the epicenter. An
earthquake whose seismographic reading measures x millimeters has magnitude given by

where is the reading of a zero-level earthquake the same distance from its epicenter. In Problems 131 and 132, determine the
magnitude of each earthquake.

x0 = 10-3

M1x2 = log¢ x
x0
≤ M1x2,

131. Magnitude of an Earthquake Mexico City in 1985: seismo-
graphic reading of 125,892 millimeters 100 kilometers from
the center

132. Magnitude of an Earthquake San Francisco in 1906:
seismographic reading of 50,119 millimeters 100 kilometers
from the center

133. Alcohol and Driving The concentration of alcohol in a
person’s bloodstream is measurable. Suppose that the relative
risk R of having an accident while driving a car can be
modeled by an equation of the form

where x is the percent of concentration of alcohol in the
bloodstream and k is a constant.

R = ekx

(a) Suppose that a concentration of alcohol in the blood-
stream of 0.03 percent results in a relative risk of an
accident of 1.4. Find the constant k in the equation.

(b) Using this value of k, what is the relative risk if the
concentration is 0.17 percent?

(c) Using the same value of k, what concentration of alcohol
corresponds to a relative risk of 100?

(d) If the law asserts that anyone with a relative risk of 
having an accident of 5 or more should not have driving
privileges, at what concentration of alcohol in the blood-
stream should a driver be arrested and charged with a
DUI?

(e) Compare this situation with that of Example 10. If you
were a lawmaker, which situation would you support?
Give your reasons.

Explaining Concepts: Discussion and Writing

134. Is there any function of the form that
increases more slowly than a logarithmic function whose
base is greater than 1? Explain.

135. In the definition of the logarithmic function, the base a is not
allowed to equal 1. Why?

136. Critical Thinking In buying a new car, one consideration
might be how well the price of the car holds up over time.
Different makes of cars have different depreciation rates.
One way to compute a depreciation rate for a car is given
here. Suppose that the current prices of a certain automobile
are as shown in the table.

y = xa, 0 6 a 6 1,

Use the formula to find R, the annual
depreciation rate, for a specific time t. When might be the
best time to trade in the car? Consult the NADA (“blue”)
book and compare two like models that you are interested
in. Which has the better depreciation rate?

New = Old1eRt2
Age in Years

New 1 2 3 4 5

$38,000 $36,600 $32,400 $28,750 $25,400 $21,200

1. (a) (b) or 2. or 3. {3}x 7 1x 6 -4x 7 3x 6 -2x … 3

‘Are You Prepared?’ Answers

Work with the Properties of Logarithms
Logarithms have some very useful properties that can be derived directly from the
definition and the laws of exponents.

1
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(a) This fact was established when we graphed (see Figure 30 on page 286).
To show the result algebraically, let Then

Change to an exponential statement.

Solve for y.

(b) Let Then

Change to an exponential statement.

Solve for y.

To summarize:

y = loga a loga a = 1
 y = 1

a = a1 ay = a1

 ay = a

 y = loga a

y = loga a.

y = loga 1 loga 1 = 0
 y = 0

a0 = 1 since a 7 0, a Z 1  ay = a0

 ay = 1
 y = loga 1

y = loga 1.
y = loga xSolution

loga 1 = 0 loga a = 1

THEOREM Properties of Logarithms

In the properties given next, M and a are positive real numbers, and r is
any real number.

The number is the exponent to which a must be raised to obtain M.
That is,

(1)

The logarithm to the base a of a raised to a power equals that power.That is,

(2)loga ar = r

aloga M = M

loga M

a Z 1,

The proof uses the fact that and are inverses.

Proof of Property (1) For inverse functions,

Using and we find

Now let to obtain "

Proof of Property (2) For inverse functions,

Using and we find

Now let to obtain where r is any real number. "loga ar = r,x = r

f-11f1x22 = loga ax = x for all real numbers x

f-11x2 = loga x,f1x2 = ax

f-11f1x22 = x for all x in the domain of f

aloga M = M, where M 7 0.x = M

f1f-11x22 = aloga x = x for x 7 0

f-11x2 = loga x,f1x2 = ax

f1f-11x22 = x for all x in the domain of f- 1

y = loga xy = ax

Establishing Properties of Logarithms

(a) Show that (b) Show that loga a = 1.loga 1 = 0.

EXAMPLE 1

!
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THEOREM Properties of Logarithms

In the following properties, M, N, and a are positive real numbers, and r
is any real number.

The Log of a Product Equals the Sum of the Logs

(3)

The Log of a Quotient Equals the Difference of the Logs

(4)

The Log of a Power Equals the Product of the Power and the Log

(5)

(6) ax = ex ln a

loga Mr = r loga M

logaaM
N
b = loga M - loga N

loga1MN2 = loga M + loga N

a Z 1,

We shall derive properties (3), (5), and (6) and leave the derivation of property (4)
as an exercise (see Problem 109).

Proof of Property (3) Let and let These expressions are
equivalent to the exponential expressions

Now
Law of Exponents
Property (2) of logarithms

"

Proof of Property (5) Let This expression is equivalent to

Now
Law of Exponents

Property (2) of logarithms
"

Proof of Property (6) From property (1), with , we have 

Now let and apply property (5).

"

Now Work P R O B L E M 1 9

eln a
x

= ex ln a = ax

M = ax
eln M = M

a = e

 = r loga M
 = rA

 loga Mr = loga1aA2r = loga arA

aA = M

A = loga M.

 = loga M + loga N
 = A + B

 loga1MN2 = loga1aA
 aB2 = loga aA + B

aA = M and aB = N

B = loga N.A = loga M

Write a Logarithmic Expression as a Sum 
or Difference of Logarithms
Logarithms can be used to transform products into sums, quotients into differences,
and powers into factors. Such transformations prove useful in certain types of calculus
problems.

2

Using Properties (1) and (2)

(a) (b) (c)

Now Work P R O B L E M 1 5

Other useful properties of logarithms are given next.

ln ekt = ktlog0.2 0.2-22 = -222log2 p = p

EXAMPLE 2

!
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WARNING In using properties (3)
through (5), be careful about the values
that the variable may assume. For
example, the domain of the variable for

is and for it is
If we add these functions, the

domain is That is, the equality

is true only for "x 7 1.

loga x + loga1x - 12 = loga3x1x - 124x 7 1.
x 7 1.

loga1x - 12x 7 0loga x

loga Mr = r loga M = loga x + 1
2

 loga1x2 + 12 = loga x + loga1x2 + 121>2 loga1M # N2 = loga M + loga N loga Ax4x2 + 1 B = loga x + loga 4x2 + 1Solution

loga Mr = r loga Mloga aM
N
b = loga M - loga N

 c c

 ln 
x21x - 123 =  ln x2 - ln1x - 123 = 2 ln x - 3 ln1x - 12Solution

Property (4)

Property (3)

Property (5)

Now Work P R O B L E M 5 1

 = 1
2

 loga1x2 + 12 - 3 loga x - 4 loga1x + 12  = loga1x2 + 121>2 - loga x3 - loga1x + 124 = loga 4x2 + 1 - 3loga x3 + loga1x + 1244
 loga 

4x2 + 1

x31x + 124 = loga 3x2 + 1 - loga3x31x + 1244Solution

Write a Logarithmic Expression as a Single Logarithm
Another use of properties (3) through (5) is to write sums and/or differences of
logarithms with the same base as a single logarithm. This skill will be needed to
solve certain logarithmic equations discussed in the next section.

3

Writing a Logarithmic Expression as a Sum of Logarithms

Write as a sum of logarithms. Express all powers as factors.loga Ax4x2 + 1 B , x 7 0,

EXAMPLE 3

Writing a Logarithmic Expression as a Difference of Logarithms

Write

as a difference of logarithms. Express all powers as factors.

ln 
x21x - 123  x 7 1

EXAMPLE 4

Writing a Logarithmic Expression as a Sum 
and Difference of Logarithms

Write

as a sum and difference of logarithms. Express all powers as factors.

loga 
4x2 + 1

x31x + 124 x 7 0

EXAMPLE 5

Writing Expressions as a Single Logarithm

Write each of the following as a single logarithm.

(a) (b)

(c) loga x + loga 9 + loga1x2 + 12 - loga 5

2
3

 ln 8 - ln152 - 12loga 7 + 4 loga 3

EXAMPLE 6

!

!

!
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Now Work P R O B L E M 5 7

Two other properties of logarithms that we need to know are consequences of
the fact that the logarithmic function is a one-to-one function.y = loga x

(a)

(b)

(c)

 = logaB 9x1x2 + 12
5

R = loga39x1x2 + 124 - loga 5

 loga x + loga 9 + loga1x2 + 12 - loga 5 = loga19x2 + loga1x2 + 12 - loga 5

ln 1 = 0 = - ln 6

 = ln 1 - ln 6

 = lna1
6
b

loga M - loga N = logaaM
N
b = lna 4

24
b 82/3

 = (  318)2 = 22 = 4 = ln 4 - ln 24

r loga M = loga Mr 
2
3

 ln 8 - ln152 - 12 = ln 82>3 - ln125 - 12 = loga 567

loga M + loga N = loga1M # N2 = loga17 # 812 = loga 7 + loga 81

r  loga M = loga Mr loga 7 + 4 loga 3 = loga 7 + loga 34Solution

THEOREM Properties of Logarithms

In the following properties, M, N, and a are positive real numbers,

(7)
(8)If loga M = loga N, then M = N.

If M = N, then loga M = loga N.

a Z 1.

When property (7) is used, we start with the equation and say “take the
logarithm of both sides” to obtain 

Properties (7) and (8) are useful for solving exponential and logarithmic
equations, a topic discussed in the next section.

loga M = loga N.
M = N

WARNING A common error made by some students is to express the logarithm of a sum as the
sum of logarithms.

Correct statement Property (3)

Another common error is to express the difference of logarithms as the quotient of logarithms.

Correct statement Property (4)

A third common error is to express a logarithm raised to a power as the product of the power times
the logarithm.

Correct statement Property (5) "loga Mr = r loga M

1loga M2r is not equal to r loga M

loga M - loga N = logaaM
N
b

loga M - loga N is not equal to 
loga M
loga N

loga1MN2 = loga M + loga N

loga1M + N2 is not equal to loga M + loga N

!
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Remember, means “2 raised to what exponent equals 7.” If we let ,
then . Because and , we expect to be between 2 and 3.

Property (7)

Property (5)

Exact value

Approximate value rounded to four decimal places

Example 7 shows how to approximate a logarithm whose base is 2 by changing
to logarithms involving the base e. In general, we use the Change-of-Base Formula.

 y L 2.8074

 y = ln 7
ln 2

 y ln 2 = ln 7
 ln 2y = ln 7

 2y = 7

log2 723 = 822 = 42y = 7
y = log2 7log2 7Solution

THEOREM Change-of-Base Formula

If and M are positive real numbers, then

(9)loga M =
logb M
logb a

a Z 1, b Z 1,

Proof We derive this formula as follows: Let Then

Property (7)

Property (5)

Solve for y.

"

Since calculators have keys only for and in practice, the Change-of-
Base Formula uses either or That is,

(10)loga M =
log M
log a

 and loga M = ln M
ln a

b = e.b = 10
! ln !,! log !

y = loga M loga M =
logb M
logb a

 y =
logb M
logb a

 y logb a = logb M
 logb ay = logb M

 ay = M

y = loga M.

Evaluate Logarithms Whose Base Is Neither 10 Nor e
Logarithms to the base 10, common logarithms, were used to facilitate arithmetic
computations before the widespread use of calculators. (See the Historical Feature
at the end of this section.) Natural logarithms, that is, logarithms whose base is the
number e, remain very important because they arise frequently in the study of
natural phenomena.

Common logarithms are usually abbreviated by writing log, with the base
understood to be 10, just as natural logarithms are abbreviated by ln, with the base
understood to be e.

Most calculators have both and keys to calculate the common
logarithm and natural logarithm of a number. Let’s look at an example to see how to
approximate logarithms having a base other than 10 or e.

! ln !! log !

4

Approximating a Logarithm Whose Base Is Neither 10 Nor e

Approximate Round the answer to four decimal places.log2 7.

EXAMPLE 7

!
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Now Work P R O B L E M S 2 3  A N D 7 1

(a)

or

  L 2.7889

 log5 89 = ln 89
ln 5

 L 4.48863637
1.609437912

  L 2.7889

 log5 89 =
log 89
log 5

 L 1.949390007
0.6989700043

Solution (b)

or

= ln 5
ln 2

L 2.3219

log12 25 = ln 25

ln 22
=

1
2

 ln 5

1
2

 ln 2

=
log 5
log 2

L 2.3219

log12 25 =
log 25

log 22
=

1
2

 log 5

1
2

 log 2

COMMENT To graph logarithmic functions when the base is different from e or 10 requires
the Change-of-Base Formula. For example, to graph we would instead graph

Try it. "y = ln x
ln 2

.

y = log2 x,

Now Work P R O B L E M 7 9

Using the Change-of-Base Formula

Approximate:
(a) (b)
Round answers to four decimal places.

log 22 25log5 89

EXAMPLE 8

!

SUMMARY Properties of Logarithms

In the list that follows, a, b, M, N, and r are real numbers. Also, , and N 7 0.M 7 0b 7 0, b Z 1,a 7 0, a Z 1,

Definition means 

Properties of logarithms

then 

Change-of-Base Formula loga M =
logb M
logb a

M = N.If loga M = loga N, thenlogaaM
N
b = loga M - loga N

loga M = loga N.If M = N,loga1MN2 = loga M + loga N

ax = ex ln aaloga M = M; loga ar = r

loga Mr = r loga Mloga 1 = 0; loga a = 1

x = ayy = loga x

Logarithms were invented about 1590
by John Napier (1550–1617) and
Joost Bürgi (1552–1632), working

independently. Napier, whose work had the
greater influence, was a Scottish lord, a
secretive man whose neighbors were
inclined to believe him to be in league with
the devil. His approach to logarithms was
very different from ours; it was based on the

relationship between arithmetic and geometric sequences,
discussed in a later chapter, and not on the inverse function relationship
of logarithms to exponential functions (described in Section 5.4).

Napier’s tables, published in 1614, listed what would now be
called natural logarithms of sines and were rather difficult to use.
A London professor, Henry Briggs, became interested in the tables
and visited Napier. In their conversations, they developed the idea
of common logarithms, which were published in 1617. Their
importance for calculation was immediately recognized, and by
1650 they were being printed as far away as China. They remained
an important calculation tool until the advent of the inexpensive
handheld calculator about 1972, which has decreased their
calculational, but not their theoretical, importance.

A side effect of the invention of logarithms was the popularization
of the decimal system of notation for real numbers.

Historical Feature

John Napier
(1550–1617)
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5.5 Assess Your Understanding

1.
2.
3.
4.
5.

6.

7. loga M
r =

logaaM
N
b = -

loga(MN) = +
loga a

r =
alogaM =
loga a =
loga 1 = 8. .

9. If then .

10. True or False

11. True or False

12. True or False
ln 8
ln 4

= 2

log213x42 = 4 log213x2ln1x + 32 - ln12x2 =
ln1x + 32

ln12x2
M =log8 M =

log5 7
log5 8

,

If loga x = loga 6, then x =

Concepts and Vocabulary

Skill Building

In Problems 13–28, use properties of logarithms to find the exact value of each expression. Do not use a calculator.

13. log3 371 14. log2 2-13 15. ln e-4
16. ln e22

17. 2log2 7 18. eln 8 19. log8 2 + log8 4 20. log6 9 + log6 4

21. log6 18 - log6 3 22. log8 16 - log8 2 23. log2 6 # log6 8 24. log3 8 # log8 9

25. 3log3 5 - log3 4 26. 5log5 6 + log5 7 27. eloge2 16 28. eloge2 9

29. ln 6 30. ln 
2
3

31. ln 1.5 32. ln 0.5

33. ln 8 34. ln 27 35. ln 25 6 36. ln A4  

2
3

37. log5125x2 38. log3 
x
9

39. log2 z3 40. log7 x
5

41. ln1ex2 42. ln 
e
x

43. ln 
x
ex 44.  ln1xex2

In Problems 29–36, suppose that and Use properties of logarithms to write each logarithm in terms of a and b.ln 3 = b.ln 2 = a

In Problems 37–56, write each expression as a sum and/or difference of logarithms. Express powers as factors.

45. loga1u2
 v32 u 7 0, v 7 0 46. log2a a

b2 b a 7 0, b 7 0 47. ln Ax221 - x B 0 6 x 6 1

48. ln Ax41 + x2 B x 7 0 49. log2¢ x3

x - 3
≤ x 7 3 50. log5¢43 x2 + 1

x2 - 1
≤ x 7 1

51. logBx1x + 221x + 322 R x 7 0 52. logBx32x + 11x - 222 R x 7 2 53. lnBx2 - x - 21x + 422 R1>3
 x 7 2

54. lnB 1x - 422
x2 - 1

R2>3
 x 7 4 55. ln 

5x21 + 3x1x - 423  x 7 4 56. lnB5x223 1 - x
41x + 122 R 0 6 x 6 1

63. lna x
x - 1

b + lnax + 1
x
b - ln1x2 - 12 64. log¢x2 + 2x - 3

x2 - 4
≤ - log¢x2 + 7x + 6

x + 2
≤ 65. 8 log2 23x - 2 - log2a 4

x
b + log2 4

57. 3 log5 u + 4 log5 v 58. 2 log3 u - log3 v 59. log3 1x - log3 x3

60. log2a 1
x
b + log2¢ 1

x2 ≤ 61. log41x2 - 12 - 5 log41x + 12 62. log1x2 + 3x + 22 - 2 log1x + 12
In Problems 57–70, write each expression as a single logarithm.
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In Problems 71–78, use the Change-of-Base Formula and a calculator to evaluate each logarithm. Round your answer to three decimal
places.

66. 21 log3 13 x + log319x22 - log3 9 67. 2 loga15x32 - 1
2

 loga12x + 32 68.
1
3

 log1x3 + 12 + 1
2

 log1x2 + 12
69. 2 log21x + 12 - log21x + 32 - log21x - 12 70. 3 log513x + 12 - 2 log512x - 12 - log5 x

71. log3 21 72. log5 18 73. log1>3 71 74. log1>2 15

75. log22 7 76. log25 8 77. logp e 78. logp 22

In Problems 79–84, graph each function using a graphing utility and the Change-of-Base Formula.

79. y = log4 x 80. y = log5 x 81. y = log21x + 22
82. y = log41x - 32 83. y = logx - 11x + 12 84. y = logx + 21x - 22

Mixed Practice
85. If and find:

(a) What is the domain of 
(b) What is the domain of 
(c)
(d) . What is the domain of 
(e) 1f # h21e2 f # h?1f # h21x21f # g2152 g # f?1g # f21x2. f # g?1f # g21x2. h1x2 = x2,f1x2 = ln x, g1x2 = ex, 86. If and find:

(a) What is the domain of 

(b) What is the domain of 
(c)
(d) . What is the domain of 
(e) 1f # h2182 f # h?1f # h21x21f # g2132 g # f?1g # f21x2. f # g?1f # g21x2. h1x2 = 4x,f1x2 = log2 x, g1x2 = 2x,

Applications and Extensions

In Problems 87–96, express y as a function of x. The constant C is a positive number.

87. ln y = ln x + ln C 88. ln y = ln1x + C2
89. ln y = ln x + ln1x + 12 + ln C 90. ln y = 2 ln x - ln1x + 12 + ln C

91. ln y = 3x + ln C 92. ln y = -2x + ln C

93. ln1y - 32 = -4x + ln C 94. ln1y + 42 = 5x + ln C

95. 3 ln y = 1
2

 ln12x + 12 - 1
3

 ln1x + 42 + ln C 96. 2 ln y = -  
1
2

 ln x + 1
3

 ln1x2 + 12 + ln C

97. Find the value of .log2 3 # log3 4 # log4 5 # log5 6 # log6 7 # log7 8 98. Find the value of .log2 4 # log4 6 # log6 8

99. Find the value of .log2 3 # log3 4 #  Á # logn1n + 12 # logn + 1 2 100. Find the value of .log2 2 # log2 4 #  Á # log2 2n

101. Show that 

102. Show that 

103. Show that 

104. Difference Quotient If show that 
f1x + h2 - f1x2

h
= logaa1 + h

x
b1>h

, h Z 0.f1x2 = loga x,

ln11 + e2x2 = 2x + ln11 + e-2x2.loga A1x + 2x - 1 B + loga A1x - 2x - 1 B = 0.

loga Ax + 4x2 - 1 B + loga Ax - 4x2 - 1 B = 0.

105. If show that -f1x2 = log1>a x.f1x2 = loga x, 106. If show that f1AB2 = f1A2 + f1B2.f1x2 = loga x,

107. If show that fa 1
x
b = -f1x2.f1x2 = loga x, 108. If show that f1xa2 = af1x2.f1x2 = loga x,

109. Show that where a, M, and N

are positive real numbers and a Z 1.

logaaM
N
b = loga M - loga N, 110. Show that where a and N are positive

real numbers and a Z 1.

logaa 1
N
b = - loga N,

Explaining Concepts: Discussion and Writing

111. Graph and using a graphing
utility. Are they equivalent? What might account for any
differences in the two functions?

112. Write an example that illustrates why 1loga x2r Z r loga x.

Y2 = 2 log1x2Y1 = log1x22 113. Write an example that illustrates why

114. Does Why or why not?3log3(-5) = -5?

log21x + y2 Z log2 x + log2 y.



Now Work the ‘Are You Prepared?’ problems on page 309.

OBJECTIVES 1 Solve Logarithmic Equations (p. 305)

2 Solve Exponential Equations (p. 307)

3 Solve Logarithmic and Exponential Equations Using a Graphing 
Utility (p. 308)

5.6 Logarithmic and Exponential Equations

• Solving Equations Using a Graphing Utility 
(Appendix B, Section B.4, pp. B6–B7)

• Solving Quadratic Equations (Appendix A,
Section A.6, pp. A47–A51)

PREPARING FOR THIS SECTION Before getting started, review the following:
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Solve Logarithmic Equations
In Section 5.4 we solved logarithmic equations by changing a logarithmic expression
to an exponential expression. That is, we used the definition of a logarithm:

For example, to solve the equation we write the logarithmic
equation as an equivalent exponential equation and solve for x.

Change to an exponential statement.
Simplify.

Solve.

You should check this solution for yourself.
For most logarithmic equations, some manipulation of the equation (usually

using properties of logarithms) is required to obtain a solution. Also, to avoid
extraneous solutions with logarithmic equations, we determine the domain of the
variable first.

We begin with an example of a logarithmic equation that requires using the fact
that a logarithmic function is a one-to-one function:

 x = - 7
2

 -2x = 7
 1 - 2x = 23

 log211 - 2x2 = 3

1 - 2x = 23
log211 - 2x2 = 3,

y = loga x is equivalent to x = ay  a 7 0, a Z 1

1

If loga M = loga N, then M = N  M, N, and a are positive and a Z 1.

The domain of the variable in this equation is Because each logarithm is to
the same base, 5, we can obtain an exact solution as follows:

Recall that the domain of the variable is x 0. Therefore, 3 is extraneous and we
discard it.

-7

 x = 3 or x = -3
If loga M = loga N, then M = N. x2 = 9

r loga M = loga Mr log5 x2 = log5 9

 2 log5 x = log5 9

x 7 0.Solution

Solving a Logarithmic Equation

Solve: 2 log5 x = log5 9

EXAMPLE 1
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Check:

The solution set is 

Now Work P R O B L E M 1 3

Often  we need to use one or more properties of logarithms to rewrite the
equation as a single logarithm. In the next example we employ the log of a product
property to solve a logarithmic equation.

536.log5 9 = log5 9
r loga M = loga Mr log5 32 $ log5 9

 2 log5 3 $ log5 9

The domain of the variable requires that and , so and
This means any solution must satisfy To obtain an exact solution,

we need to express the left side as a single logarithm. Then we will change the
equation to an equivalent exponential equation.

Change to an exponential statement.

Simplify.

Place the quadratic equation in standard form.

Factor.
Zero-Product Property

Only satisfies the restriction that so is extraneous. The
solution set is which you should check.

Now Work P R O B L E M 2 1

5-16, x = -7x 7 -2,x = -1

 x = -7 or x = -1
 1x + 721x + 12 = 0

 x2 + 8x + 7 = 0

 x2 + 8x + 12 = 5

 1x + 621x + 22 = 51 = 5

loga M + loga N = loga(MN) log531x + 621x + 224 = 1

 log51x + 62 + log51x + 22 = 1

x 7 -2.x 7 -2.
x 7 -6x + 2 7 0x + 6 7 0Solution

The domain of the variable requires that and As a
result, the domain of the variable here is We begin the solution using the log
of a difference property.

Simplify.

Factor.
Zero-Product Property

Since the domain of the variable is we discard as extraneous.The solution
set is which you should check.{6},

-1x 7 4,

 x = 6 or x = -1
 1x - 621x + 12 = 0

Place the quadratic equation in standard form . x2 - 5x - 6 = 0
 x2 - 4x = x + 6

 x1x - 42 = x + 6

 x = x + 6
x - 4

In M -  ln N =  lnaM
N
b ln x = lnax + 6

x - 4
b ln x = ln1x + 62 - ln1x - 42

x 7 4.
x - 4 7 0.x + 6 7 0,x 7 0,Solution

If ln M =  ln N, then M =  N .

Multiply both sides by x ! 4.

WARNING A negative solution is not
automatically extraneous. You must
determine whether the potential
solution causes the argument of any
logarithmic expression in the equation
to be negative. "

Solving a Logarithmic Equation

Solve: log51x + 62 + log51x + 22 = 1

EXAMPLE 2

Solving a Logarithmic Equation

Solve: ln x = ln1x + 62 - ln1x - 42EXAMPLE 3

!

!

!
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WARNING In using properties of logarithms to solve logarithmic equations, avoid using the
property loga xr = r loga x, when r is even. The reason can be seen in this example:

Solve: log3 x2 = 4

Solution: The domain of the variable x is all real numbers except 0.

(a) log3 x2 = 4 (b) log3 x2 = 4 loga xr = r loga x
x2 = 34 = 81 Change to exponential form. 2 log3 x = 4 Domain of variable is x 7 0.
x = -9 or x = 9 log3 x = 2 

x = 9

Both !9 and 9 are solutions of log3 x2 # 4 (as you can verify). The solution in part (b) does not
find the solution !9 because the domain of the variable was further restricted due to the
application of the property loga xr = r loga x. "

(a) Since 5 cannot be written as an integer power of 2 , write
the exponential equation as the equivalent logarithmic equation.

Alternatively, we can solve the equation by taking the natural logarithm
(or common logarithm) of each side. Taking the natural logarithm,

The solution set is .

(b)

Solve for 3x. 3x = 5
8

 8 # 3x = 5

e ln 5
ln 2
f Approximate solution L 2.322

Exact solution x = ln 5
ln 2

In Mr = r ln M x ln 2 = ln 5
If M = N, then ln M = ln N . ln 2x = ln 5

 2x = 5

2x = 5

Change-of-Base Formula (10), Section 5 .5
c

 x = log2 5 = ln 5
ln 2

 2x = 5

(22 = 4 and 23 = 8)Solution

Solve Exponential Equations
In Sections 5.3 and 5.4, we solved exponential equations algebraically by expressing
each side of the equation using the same base. That is, we used the one-to-one
property of the exponential function:

2

If , then u = v  a 7 0, a Z 1au = av

For example, to solve the exponential equation notice that and

apply the property above to obtain from which we find .

For most exponential equations, we cannot express each side of the equation
using the same base. In such cases, algebraic techniques can sometimes be used to
obtain exact solutions.

x = 1
2

2x + 1 = 2,

16 = 4242x + 1 = 16,

Solving Exponential Equations

Solve: (a) (b) 8 # 3x = 52x = 5

EXAMPLE 4

Now Work P R O B L E M 3 1
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Because the bases are different, we first apply property (7), Section 5.5 (take the
natural logarithm of each side), and then use a property of logarithms. The result is
an equation in x that we can solve.

The solution set is 

Now Work P R O B L E M 4 5

e 21ln 3 + ln 52
ln 5 - 3 ln 3

f .

Approximate solution L -3.212

Exact solution x =
21ln 3 + ln 52
ln 5 - 3 ln 3

Factor. 1ln 5 - 3 ln 32x = 21ln 3 + ln 52 Place terms involving x on the left. 1ln 52x - 13 ln 32x = 2 ln 3 + 2 ln 5
Distribute. 1ln 52x - 2 ln 5 = 13 ln 32x + 2 ln 3
ln Mr = r ln M 1x - 22 ln 5 = 13x + 22 ln 3
If M = N, ln M = ln N. ln 5x - 2 = ln 33x + 2

 5x - 2 = 33x + 2

Solution

We note that so the equation is quadratic in form, and
we can rewrite it as

Now we can factor as usual.

The equation on the left has the solution since the equation on the
right has no solution,since for all x.The only solution is 2.The solution set is

Now Work P R O B L E M 5 3

526.2x 7 0
2x = 4 = 22;x = 2,

 u = 2x = 4  u = 2x = -3 2x = 4  2x = -3
 u - 4 = 0 or  u + 3 = 0 2x - 4 = 0 or  2x + 3 = 0
(u - 4)(u + 3) = 0   12x - 4212x + 32 = 0

Let u = 2x; then u2 - u - 12 = 0.12x22 - 2x - 12 = 0

4x = 1222x = 2(2x) = 12x22,Solution

Solve Logarithmic and Exponential Equations 
Using a Graphing Utility
The algebraic techniques introduced in this section to obtain exact solutions apply
only to certain types of logarithmic and exponential equations. Solutions for other
types are usually studied in calculus, using numerical methods. For such types, we
can use a graphing utility to approximate the solution.

3

Solving an Exponential Equation

Solve: 5x - 2 = 33x + 2

EXAMPLE 5

Solving an Exponential Equation That Is Quadratic in Form

Solve: 4x - 2x - 12 = 0

EXAMPLE 6

The solution set is 

Now Work P R O B L E M 3 5

L lna5
8
b

ln 3 M .

Approximate solutionL -0.428

Exact solution x = log3a5
8
b =

lna5
8
b

ln 3

!

!

!
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The solution is found by graphing and Since is an increasing
function (do you know why?), there is only one point of intersection for and 
Figure 40 shows the graphs of and Using the INTERSECT command, the
solution is 0.44 rounded to two decimal places.

Now Work P R O B L E M 6 3

Y2 .Y1

Y2 .Y1

Y1Y2 = 2.Y1 = x + exSolution

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. Solve (pp. A47–A51)

2. Solve (pp. A47–A51)1x + 322 - 41x + 32 + 3 = 0.

x2 - 7x - 30 = 0. 3. Approximate the solution(s) to using a graphing
utility. (pp. B6–B7)

4. Approximate the solution(s) to using a
graphing utility. (pp. B6–B7)

x3 - 2x + 2 = 0

x3 = x2 - 5

5.6 Assess Your Understanding

Skill Building
In Problems 5–32, solve each logarithmic equation. Express irrational solutions in exact form and as a decimal rounded to three decimal
places.

5. 6. 7. log2 15x2 = 4log 1x + 62 = 1log4 x = 2

8. 9. 10. log512x + 32 = log5 3log41x + 22 = log4 8log313x - 12 = 2

11. 12. 13. 3 log2 x = - log2 27-2 log4 x = log4 9
1
2

 log3 x = 2 log3 2

14. 15. 16. 2 log31x + 42 - log3 9 = 23 log21x - 12 + log2 4 = 52 log5 x = 3 log5 4

17. 18. 19. log12x + 12 = 1 + log1x - 22log x + log 1x - 212 = 2log x + log1x + 152 = 2

20. 21. 22. log61x + 42 + log61x + 32 = 1log21x + 72 + log21x + 82 = 1log12x2 - log1x - 32 = 1

23. 24. 25. ln x + ln1x + 22 = 4log51x + 32 = 1 - log51x - 12log81x + 62 = 1 - log81x + 42
26. 27. 28. log21x + 12 + log21x + 72 = 3log31x + 12 + log31x + 42 = 2ln1x + 12 - ln x = 2

29. 30. log41x2 - 92 - log41x + 32 = 3log1>31x2 + x2 - log1>31x2 - x2 = -1

31. 32. loga x + loga1x - 22 = loga1x + 42loga1x - 12 - loga1x + 62 = loga1x - 22 - loga1x + 32

4

0

Y1 ! x # ex

Y2 ! 2

0 1

Figure 40

In Problems 33–60, solve each exponential equation. Express irrational solutions in exact form and as a decimal rounded to three decimal
places.

33. 34. 35. 36. 3x = 142x = 105-x = 252x - 5 = 8

37. 38. 39. 40. 0.3140.2x2 = 0.25123x2 = 82-x = 1.58-x = 1.2

41. 42. 43. 44. a 4
3
b1 - x

= 5xa3
5
bx

= 71 - x2x + 1 = 51 - 2x31 - 2x = 4x

45. 46. 47. 48. ex + 3 = pxp1 - x = ex0.31 + x = 1.72x - 11.2x = 10.52-x

Solving Equations Using a Graphing Utility

Solve:
Express the solution(s) rounded to two decimal places.

x + ex = 2

EXAMPLE 7

!
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49. 50. 51. 52. 22x + 2x + 2 - 12 = 032x + 3x + 1 - 4 = 032x + 3x - 2 = 022x + 2x - 12 = 0

53. 54. 55. 56. 36x - 6 # 6x = -925x - 8 # 5x = -169x - 3x + 1 + 1 = 016x + 4x + 1 - 3 = 0

57. 58. 59. 60. 3x - 14 # 3-x = 54x - 10 # 4-x = 32 # 49x + 11 # 7x + 5 = 03 # 4x + 4 # 2x + 8 = 0

61. 62. log21x - 12 - log61x + 22 = 2log51x + 12 - log41x - 22 = 1

63. 64. 65. 66. ex = x3ex = x2e2x = x + 2ex = -x

67. 68. 69. 70. ln x = -x2ln x = x3 - 1ln12x2 = -x + 2ln x = -x

71. 72. 73. 74. e-x = - ln xe-x = ln xex - ln x = 4ex + ln x = 4

75.
[Hint: Change to base 2.]

76. 77. log16 x + log4 x + log2 x = 7log213x + 22 - log4 x = 3

log4 x

log21x + 12 - log4 x = 1

78. 79. 80. log2 xlog2 x = 4A23 2 B2 - x = 2x2log9 x + 3 log3 x = 14

81.

[Hint: Multiply each side by ]

82. 83.
ex - e-x

2
= 2

ex + e-x

2
= 3

ex.

ex + e-x

2
= 1

84. 85.
[Hint: Use the Change-of-Base Formula.]

86. log2 x + log6 x = 3log5 x + log3 x = 1
ex - e-x

2
= -2

In Problems 61–74, use a graphing utility to solve each equation. Express your answer rounded to two decimal places.

In Problems 75–86, solve each equation. Express irrational solutions in exact form and as a decimal rounded to three decimal places.

Mixed Practice

87. and 
(a) Solve What point is on the graph of f?
(b) Solve What point is on the graph of g?
(c) Solve Do the graphs of f and g intersect?

If so, where?
(d) Solve 
(e) Solve 

88. and 
(a) Solve What point is on the graph of f ?
(b) Solve What point is on the graph of g?
(c) Solve Do the graphs of f and g intersect?

If so, where?
(d) Solve 
(e) Solve 

89. (a) If and graph f and g on the
same Cartesian plane.

(b) Find the point(s) of intersection of the graphs of f and
g by solving Round answers to three
decimal places. Label any intersection points on the
graph drawn in part (a).

(c) Based on the graph, solve 

90. (a) If and graph f and g on the
same Cartesian plane.

(b) Find the point(s) of intersection of the graphs of f and
g by solving Label any intersection
points on the graph drawn in part (a).

(c) Based on the graph, solve 

91. (a) Graph and on the same
Cartesian plane.

(b) Shade the region bounded by the y-axis,
and on the graph drawn in part (a).

(c) Solve and label the point of intersection
on the graph drawn in part (a).

92. (a) Graph and on the same
Cartesian plane.

(b) Shade the region bounded by the y-axis,
and on the graph drawn in part (a).

(c) Solve and label the point of intersection
on the graph drawn in part (a).

93. (a) Graph and on the same
Cartesian plane.

(b) Shade the region bounded by the y-axis,
and on the graph draw in part (a).

(c) Solve and label the point of intersection
on the graph drawn in part (a).

94. (a) Graph and on the same
Cartesian plane.

(b) Shade the region bounded by the y-axis,
and on the graph draw in part (a).

(c) Solve and label the point of intersection
on the graph drawn in part (a).

95. (a) Graph 
(b) Find the zero of f.
(c) Based on the graph, solve 

96. (a) Graph 
(b) Find the zero of g.
(c) Based on the graph, solve g1x2 7 0.

g1x2 = 3x - 9.

f1x2 6 0.

f1x2 = 2x - 4.

f1x2 = g1x2g1x2 = 3x - 2
f1x2 = 3-x + 1,

g1x2 = 3x - 2f1x2 = 3-x + 1

f1x2 = g1x2g1x2 = 2-x + 2
f1x2 = 2x + 1,

g1x2 = 2-x + 2f1x2 = 2x + 1

f1x2 = g1x2g1x2 = 12
f1x2 = 2x,

g1x2 = 12f1x2 = 2x

f1x2 = g1x2g1x2 = 10
f1x2 = 3x,

g1x2 = 10f1x2 = 3x

f1x2 7 g1x2.f1x2 = g1x2.
g1x2 = 2x + 1,f1x2 = 5x - 1

f1x2 7 g1x2.
f1x2 = g1x2.

g1x2 = 2x + 2,f1x2 = 3x + 1

1f - g21x2 = 2.
1f + g21x2 = 3.

f1x2 = g1x2.g1x2 = 3.
f1x2 = 2.

g1x2 = log31x - 12.f1x2 = log31x + 521f - g21x2 = 2.
1f + g21x2 = 7.

f1x2 = g1x2.g1x2 = 4.
f1x2 = 3.

g1x2 = log213x + 12.f1x2 = log21x + 32
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Applications and Extensions

97. A Population Model The resident population of the
United States in 2008 was 304 million people and was
growing at a rate of 0.9% per year. Assuming that this
growth rate continues, the model 
represents the population P (in millions of people) in year t.
(a) According to this model, when will the population of

the United States be 354 million people?
(b) According to this model, when will the population of the

United States be 416 million people?
Source: Statistical Abstract of the United States, 125th ed., 2009

P1t2 = 30411.0092t - 2008

(b) According to this model, when will the population of the
world be 14 billion people?

Source: U.S. Census Bureau.

99. Depreciation The value V of a Chevy Cobalt that is t years
old can be modeled by 
(a) According to the model, when will the car be worth

$9000?
(b) According to the model, when will the car be worth

$4000?
(c) According to the model, when will the car be worth

$2000?
Source: Kelley Blue Book

V1t2 = 16,50010.822t.

98. A Population Model The population of the world in 2009
was 6.78 billion people and was growing at a rate of 1.14%
per year. Assuming that this growth rate continues, the
model represents the population
P (in billions of people) in year t.
(a) According to this model, when will the population of

the world be 8.7 billion people?

P1t2 = 6.7811.01142t - 2009

Explaining Concepts: Discussion and Writing

101. Fill in reasons for each step in the following two solutions.

Solve: log31x - 122 = 2

Both solutions given in Solution A check. Explain what caused the solution to be lost in Solution B.x = -2

Solution A Solution B

_____ _____

_____ _____

or _____ _____

or _____ _____x = 4x = 4x = -2

x - 1 = 31 = 3x - 1 = 3x - 1 = -3

log31x - 12 = 11x - 12 = ;3

2 log31x - 12 = 21x - 122 = 32 = 9

log31x - 122 = 2log31x - 122 = 2

‘Are You Prepared?’ Answers

1. 2. 3. 4. 5-1.7765-1.4365-2, 065-3, 106

100. Depreciation The value V of a Honda Civic DX that is 
t years old can be modeled by 
(a) According to the model, when will the car be worth

$15,000?
(b) According to the model, when will the car be worth

$8000?
(c) According to the model, when will the car be worth

$4000?
Source: Kelley Blue Book

V1t2 = 16,77510.9052t.


