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Figure 1

Look carefully at Figure 2. Only those x’s in the domain of for which is in
the domain of can be in the domain of The reason is that if is not in the
domain of then is not defined. Because of this, the domain of is a
subset of the domain of the range of is a subset of the range of f.f ! gg;

f ! gf1g1x22f
g1x2f ! g.f

g1x2g

Form a Composite Function
Suppose that an oil tanker is leaking oil and you want to determine the area of the
circular oil patch around the ship. See Figure 1. It is determined that the oil is
leaking from the tanker in such a way that the radius of the circular patch of oil
around the ship is increasing at a rate of 3 feet per minute. Therefore, the radius r of
the oil patch at any time t, in minutes, is given by So after 20 minutes the
radius of the oil patch is feet.

The area A of a circle as a function of the radius r is given by The
area of the circular patch of oil after 20 minutes is square
feet. Notice that so The argument of the function A
is the output of a function!

In general, we can find the area of the oil patch as a function of time t by
evaluating and obtaining The function

is a special type of function called a composite function.
As another example, consider the function If we write

and then, by a substitution process, we can
obtain the original function:

In general, suppose that and are two functions and that x is a number in the
domain of By evaluating at x, we get If is in the domain of then
we may evaluate at and obtain the expression The correspondence
from x to is called a composite function f ! g.f1g1x22 f1g1x22.g1x2f

f,g1x2g1x2.gg.
gf

y = f1u2 = f1g1x22 = 12x + 322.u = g1x2 = 2x + 3,y = f1u2 = u2
y = 12x + 322.A1r1t22 A1r1t22 = A13t2 = p13t22 = 9pt2.A1r1t22

A1602 = A1r12022.60 = r1202, A1602 = p16022 = 3600p
A1r2 = pr2.

r1202 = 31202 = 60
r1t2 = 3t.

1

DEFINITION Given two functions and the composite function, denoted by (read
as “ composed with ”), is defined by

The domain of is the set of all numbers x in the domain of such that
is in the domain of f.g1x2 gf ! g

1f ! g21x2 = f1g1x22gf
f ! gg,f

Domain of f ° g Range of f ° g

Range of g
Domain of f

Domain of g

f ° g

g f 

g
x

x g(x )

g(x )

f (g(x ))

Range of f
Figure 2

Now Work the  ‘Are You Prepared?’ problems on page 252.

OBJECTIVES 1 Form a Composite Function (p. 247)

2 Find the Domain of a Composite Function (p. 248)

5.1 Composite Functions

• Find the Value of a Function (Section 2.1, pp. 49–52) • Domain of a Function (Section 2.1, pp. 52–54)

PREPARING FOR THIS SECTION Before getting started, review the following:
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Figure 3 provides a second illustration of the definition. Here x is the input to
the function yielding Then is the input to the function yielding

Notice that the “inside” function in is done first.f1g1x22gf1g1x22. f,g1x2g1x2.g,

INPUT x OUTPUT f (g (x))
fg g (x)

Figure 3

(a)

(b)

(c)

(d)

COMMENT Graphing calculators can be used to evaluate composite functions.* Let
and Then, using a TI-84 Plus graphing calculator, is found as shown in Figure 4.
Notice that this is the result obtained in Example 1(a). "

Now Work P R O B L E M 1 1

(f ! g)(1)Y2 = g(x) = 4x.
Y1 = f(x) = 2x2 - 3

 g(- 1) = -4
 c

1g ! g21-12 = g1g1-122 = g1-42 = 4 # 1-42 = -16

 f(-2) = 2(-2)2 - 3 = 5
 c

1f ! f21-22 = f1f1-222 = f152 = 2 # 52 - 3 = 47

 f(1) = - 1
g(x) = 4x f(x) = 2x2 - 3

 c c
1g ! f2112 = g1f1122 = g1-12 = 4 # 1-12 = -4

g(1) = 4
f(x) = 2x2 - 3g(x) = 4x
 c c

1f ! g2112 = f1g1122 = f142 = 2 # 42 - 3 = 29Solution

Figure 4

Find the Domain of a Composite Function2

The domain of and the domain of are the set of all real numbers.

(a)

Since the domains of both and are the set of all real numbers, the domain of
is the set of all real numbers.f ! g

gf

 = 4x2 + 12x + 9 + 6x + 9 - 1 = 4x2 + 18x + 17

f(x) = x2 + 3x - 1
c

 1f ! g21x2 = f1g1x22 = f12x + 32 = 12x + 322 + 312x + 3) - 1

gfSolution

*Consult your owner’s manual for the appropriate keystrokes.

Evaluating a Composite Function

Suppose that and Find:

(a) (b) (c) (d) 1g ! g21-121f ! f21-221g ! f21121f ! g2112 g1x2 = 4x.f1x2 = 2x2 - 3

EXAMPLE 1

Finding a Composite Function and Its Domain

Suppose that and 

Find: (a) (b)

Then find the domain of each composite function.

g ! ff ! g

g1x2 = 2x + 3.f1x2 = x2 + 3x - 1

EXAMPLE 2

#
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(b)

Since the domains of both and are the set of all real numbers, the domain of
is the set of all real numbers.

Look back at Figure 2 on page 247. In determining the domain of the composite
function keep the following two thoughts in mind about
the input x.

1. Any x not in the domain of must be excluded.
2. Any x for which is not in the domain of must be excluded.fg1x2 g

1f ! g21x2 = f1g1x22,
g ! f

gf

 = 2x2 + 6x - 2 + 3 = 2x2 + 6x + 1

g(x) = 2x + 3
c

 1g ! f21x2 = g1f1x22 = g1x2 + 3x - 12 = 21x2 + 3x - 12 + 3

For first note that the domain of is so exclude 1
from the domain of Next note that the domain of is which
means that cannot equal Solve the equation to determine what
additional value(s) of x to exclude.

Also exclude from the domain of 
The domain of is 

Check: For is not defined, so is not
defined.

For and 
is not defined.

Now Work P R O B L E M 2 1

1f ! g21-12 = f1g1-122 = f1-22x = -1, g1-12 = 4
-2

= -2,

1f ! g21x2 = f1g1x22x = 1, g1x2 = 4
x - 1

x Z 16.5x ƒ x Z -1,f ! g
f ! g.-1

 x = -1
 2x = -2

 4 = -2x + 2
 4 = -21x - 12 g(x) = -2 

4
x - 1

= -2

g1x2 = -2-2.g1x2 5x ƒ x Z -26,ff ! g.
5x ƒ x Z 16,g1f ! g21x2 = f1g1x22,Solution

The domain of is and the domain of is 5x ƒ x Z 16.g5x ƒ x Z -26fSolution

(a) = 1
4

x - 1
+ 2

= x - 1
4 + 21x - 12 = x - 1

2x + 2
= x - 1

21x + 121f ! g21x2 = f1g1x22 = fa 4
x - 1

b
In Example 3, we found the domain of to be 5x ƒ x Z -1, x Z 16.f ! g

Multiply by 
x - 1
x - 1

 .f(x) = 1
x + 2

cc

Finding the Domain of 

Find the domain of if and .g1x2 = 4
x - 1

f1x2 = 1
x + 2

f ! g

f ! gEXAMPLE 3

Finding a Composite Function and Its Domain

Suppose that and .

Find: (a) (b)

Then find the domain of each composite function.

f ! ff ! g

g1x2 = 4
x - 1

f1x2 = 1
x + 2

EXAMPLE 4

#

#
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We could also find the domain of by first looking at the domain of
We exclude 1 from the domain of as a result. Then we look

at and notice that x cannot equal since results in division by 0.
So we also exclude from the domain of Therefore, the domain of

is 

(b) = x + 2
1 + 21x + 22 = x + 2

2x + 5
1f ! f21x2 = f1f1x22 = fa 1

x + 2
b = 1

1
x + 2

+ 2

5x ƒ x Z -1, x Z 16.f ! g
f ! g.-1

x = -1-1,f ! g
f ! gg: 5x ƒ x Z 16. f ! g

The domain of consists of those x in the domain of for
which

or, equivalently,

The domain of is 

We could also find the domain of by recognizing that is not in the
domain of and so should be excluded from the domain of Then, looking

at we see that x cannot equal Do you see why? Therefore, the

domain of is  

Now Work P R O B L E M S 3 3  A N D 3 5

Look back at Example 2, which illustrates that, in general,
Sometimes does equal as shown in the next example.g ! f,f ! g

f ! g Z g ! f.

ex ` x Z -  
5
2

, x Z -2 f .f ! f

-  
5
2

.f ! f,

f ! f.f
-2f ! f

ex ` x Z -  
5
2

, x Z -2 f .f ! f

x Z -  
5
2

 x = -  
5
2

 2x = -5
 1 = -2x - 4
 1 = -2(x + 2)

 
1

x + 2
= -2f1x2 = 1

x + 2
Z -2

f, 5x ƒ x Z -26,f ! f

Multiply by 
x + 2
x + 2

 .f(x) = 1
x + 2

cc

Substitute into the rule for , 

 = x + 4 - 4 = x

f(x) = 3x - 4.fg(x) = 3ax + 4
3
b - 4

g(x) = 1
3

 (x + 4) = x + 4
3

 = fax + 4
3
b 1f ! g21x2 = f1g1x22Solution

Showing That Two Composite Functions Are Equal

If and show that

for every x in the domain of and g ! f.f ! g

1f ! g21x2 = 1g ! f21x2 = x

g1x2 = 1
3

 1x + 42,f1x2 = 3x - 4

EXAMPLE 5

#
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Substitute into the rule for , 

We conclude that 

In Section 5.2, we shall see that there is an important relationship between
functions and for which 

Now Work P R O B L E M 4 5

Calculus Application
Some techniques in calculus require that we be able to determine the components
of a composite function. For example, the function is the
composition of the functions and where and 
because H1x2 = 1f ! g21x2 = f1g1x22 = f1x + 12 = 1x + 1.

g1x2 = x + 1,f1x2 = 1xg,f
H1x2 = 1x + 1

1f ! g21x2 = 1g ! f21x2 = x.gf

1f ! g21x2 = 1g ! f21x2 = x.

 = 1
3

 13x2 = x

g(x) = 1
3

 (x + 4).gf(x) = 1
3

 313x - 42 + 44 f(x) = 3x - 4 = g13x - 42 1g ! f21x2 = g1f1x22

The function H takes and raises it to the power 50. A natural way to decom-
pose H is to raise the function to the power 50. If we let 
and then

See Figure 5.

Other functions and may be found for which in Example 6. For
example, if and then

Although the functions and found as a solution to Example 6 are not unique,
there is usually a “natural” selection for and that comes to mind first.gf

gf

1f ! g21x2 = f1g1x22 = f11x2 + 12252 = 31x2 + 122542 = 1x2 + 1250

g1x2 = 1x2 + 1225,f1x2 = x2
f ! g = Hgf

 = 1x2 + 1250 = H1x2 = f1x2 + 12 1f ! g21x2 = f1g1x22g1x2 = x2 + 1,
f1x2 = x50g1x2 = x2 + 1

x2 + 1Solution

Here H is the reciprocal of If we let and we
find that

Now Work P R O B L E M 5 3

1f ! g21x2 = f1g1x22 = f1x + 12 = 1
x + 1

= H1x2
g1x2 = x + 1,f1x2 = 1

x
g1x2 = x + 1.Solution

Seeing the Concept
Using a graphing calculator, let

Using the viewing window 
graph only and What

do you see? TRACE to verify that Y3 = Y4.
Y4.Y3-2 … y … 2,

-3 … x … 3,

 Y3 = f ! g, Y4 = g ! f

 Y2 = g(x) = 1
3

(x + 4)

 Y1 = f(x) = 3x - 4

x

H

g f f (g (x)) = f (x 2 + 1) 
      

H(x) = (x 2 + 1)50
g (x) = x 2 + 1 

= (x 2 + 1)50

Figure 5

Finding the Components of a Composite Function

Find functions and such that if H1x2 = 1x2 + 1250.f ! g = Hgf

EXAMPLE 6

Finding the Components of a Composite Function

Find functions and such that if H1x2 = 1
x + 1

.f ! g = Hgf

EXAMPLE 7

#

#

#
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Skill Building

In Problems 7 and 8, evaluate each expression using the values given in the table.

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

4. Given two functions f and g, the ,
denoted , is defined by 

5. True or False f1g1x22 = f1x2 # g(x).

f ! g(x) =   .f ! g

1. Find if (pp. 49–52)

2. Find if (pp. 49–52)f1x2 = 4 - 2x2.f13x2 f1x2 = -4x2 + 5x.f132 3. Find the domain of the function 
(pp. 52–54)

f1x2 = x2 - 1
x2 - 25

.

6. True or False The domain of the composite function
is the same as the domain of g1x2.1f ! g21x2

Concepts and Vocabulary

5.1 Assess Your Understanding

7. x 3 2 1 0 1 2 3

f (x) 7 5 3 1 3 5 7

g(x) 8 3 0 1 0 3 8-
----

--- (a) (b)

(c) (d)

(e) (f) 1f ! f21-121g ! g21-22 1g ! f21021g ! f21-12 1f ! g21-121f ! g2112

x 3 2 1 0 1 2 3

f (x) 11 9 7 5 3 1 1

g(x) 8 3 0 1 0 3 8----
-

---

In Problems 9 and 10, evaluate each expression using the graphs of and shown in the figure.

9. (a) (b)

(c) (d)

10. (a) (b)

(c) (d) 1f ! g21221f ! g2102 1g ! f21521g ! f2112 1f ! g21421f ! g21-12 1g ! f21021g ! f21-12 y = g1x2y = f1x2
6

!2

x4 6 82!2

(!1, 3)

(!1, 1)

(2, !2)

(5, 1)
(6, 2)

(7, 3)

(7, 5)(6, 5)

(5, 4)(1, 4)

(4, 2)
(2, 2)

(8, 4)

(1, !1)

(3, 1)

y " g (x)

y " f (x)

y

4

2

In Problems 11–20, for the given functions and , find:

(a) (b) (c) (d) 1g ! g21021f ! f21121g ! f21221f ! g2142 gf

8. (a) (b)

(c) (d)

(e) (f) 1f ! f21321g ! g2112 1g ! f21321g ! f2122 1f ! g21221f ! g2112

11. f1x2 = 2x; g1x2 = 3x2 + 1 12. f1x2 = 3x + 2; g1x2 = 2x2 - 1

13. f1x2 = 4x2 - 3; g1x2 = 3 - 1
2

 x2 14. f1x2 = 2x2; g1x2 = 1 - 3x2

15. f1x2 = 1x ; g1x2 = 2x 16. f1x2 = 2x + 1; g1x2 = 3x

17. f1x2 = ƒx ƒ ; g1x2 = 1
x2 + 1

18. f1x2 = ƒx - 2 ƒ ; g1x2 = 3
x2 + 2

19. f1x2 = 3
x + 1

; g1x2 = 13 x 20. f1x2 = x3>2; g1x2 = 2
x + 1

21. f1x2 = 3
x - 1

; g1x2 = 2
x

22. f1x2 = 1
x + 3

; g1x2 = - 2
x

In Problems 21–28, find the domain of the composite function f ! g.
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23. f1x2 = x
x - 1

; g1x2 = - 4
x 24. f1x2 = x

x + 3
; g1x2 = 2

x

25. f1x2 = 1x ; g1x2 = 2x + 3 26. f1x2 = x - 2; g1x2 = 21 - x

27. f1x2 = x2 + 1; g1x2 = 2x - 1 28. f1x2 = x2 + 4; g1x2 = 2x - 2

29. f1x2 = 2x + 3; g1x2 = 3x

In Problems 29–44, for the given functions and find:

(a) (b) (c) (d)

State the domain of each composite function.

g ! gf ! fg ! ff ! g

g,f

30. f1x2 = -x; g1x2 = 2x - 4

31. f1x2 = 3x + 1; g1x2 = x2 32. f1x2 = x + 1; g1x2 = x2 + 4

33. f1x2 = x2; g1x2 = x2 + 4 34. f1x2 = x2 + 1; g1x2 = 2x2 + 3

35. f1x2 = 3
x - 1

; g1x2 = 2
x

36. f1x2 = 1
x + 3

; g1x2 = - 2
x

37. f1x2 = x
x - 1

; g1x2 = - 4
x

38. f1x2 = x
x + 3

; g1x2 = 2
x

39. f1x2 = 1x ; g1x2 = 2x + 3 40. f1x2 = 2x - 2; g1x2 = 1 - 2x

41. f1x2 = x2 + 1; g1x2 = 2x - 1 42. f1x2 = x2 + 4; g1x2 = 2x - 2

43. f1x2 = x - 5
x + 1

; g1x2 = x + 2
x - 3

44. f1x2 = 2x - 1
x - 2

; g1x2 = x + 4
2x - 5

In Problems 45–52, show that 1f ! g21x2 = 1g ! f21x2 = x.

45. f1x2 = 2x; g1x2 = 1
2

 x 46. f1x2 = 4x; g1x2 = 1
4

 x 47. f1x2 = x3; g1x2 = 13 x

48. f1x2 = x + 5; g1x2 = x - 5 49. f1x2 = 2x - 6; g1x2 = 1
2

 1x + 62 50. f1x2 = 4 - 3x; g1x2 = 1
3

 14 - x2
51. f1x2 = ax + b; g1x2 = 1

a
 1x - b2 a Z 0 52. f1x2 = 1

x
; g1x2 = 1

x

In Problems 53–58, find functions and so that f ! g = H.gf

53. H1x2 = 12x + 324 54. H1x2 = 11 + x223
55. H1x2 = 4x2 + 1 56. H1x2 = 41 - x2

57. H1x2 = ƒ2x + 1 ƒ 58. H1x2 = ƒ2x2 + 3 ƒ

Applications and Extensions

59. If and find 
and 

60. If find 

61. If and find a so that the
graph of crosses the y-axis at 23.

62. If and find a so that the
graph of crosses the y-axis at 68.

In Problems 63 and 64, use the functions f and g to find:
(a) (b)
(c) the domain of and of 
(d) the conditions for which 

63.

64. f1x2 = ax + b
cx + d

; g1x2 = mx

f1x2 = ax + b; g1x2 = cx + d

f ! g = g ! f
g ! ff ! g
g ! ff ! g

f ! g
g1x2 = 2x + a,f1x2 = 3x2 - 7

f ! g
g1x2 = 3x + a,f1x2 = 2x2 + 5

1f ! f21x2.f1x2 = x + 1
x - 1

,

1g ! f21x2. 1f ! g21x2g1x2 = 2,f1x2 = 2x3 - 3x2 + 4x - 1 65. Surface Area of a Balloon The surface area S (in square
meters) of a hot-air balloon is given by

where r is the radius of the balloon (in meters). If the radius
r is increasing with time t (in seconds) according to the 

formula find the surface area S of the

balloon as a function of the time t.

66. Volume of a Balloon The volume V (in cubic meters) of
the hot-air balloon described in Problem 65 is given by

If the radius r is the same function of t as in

Problem 65, find the volume V as a function of the time t.

67. Automobile Production The number N of cars produced
at a certain factory in one day after t hours of operation 
is given by If the cost CN1t2 = 100t - 5t2, 0 … t … 10.

V1r2 = 4
3

 pr3.

r1t2 = 2
3

 t3, t Ú 0,

S1r2 = 4pr2
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(in dollars) of producing N cars is 
find the cost C as a function of the time t of operation of the
factory.

68. Environmental Concerns The spread of oil leaking from a
tanker is in the shape of a circle. If the radius r (in feet) of the
spread after t hours is find the area A of the
oil slick as a function of the time t.

69. Production Cost The price p, in dollars, of a certain product
and the quantity x sold obey the demand equation

Suppose that the cost C, in dollars, of producing x units is

Assuming that all items produced are sold, find the cost C as
a function of the price p.

[Hint: Solve for x in the demand equation and then form the
composite.]

70. Cost of a Commodity The price p, in dollars, of a certain
commodity and the quantity x sold obey the demand equation

Suppose that the cost C, in dollars, of producing x units is

Assuming that all items produced are sold, find the cost C as
a function of the price p.

71. Volume of a Cylinder The volume V of a right circular cylin-
der of height h and radius r is If the height is twice
the radius, express the volume V as a function of r.

72. Volume of a Cone The volume V of a right circular cone is

If the height is twice the radius, express the

volume V as a function of r.

V = 1
3

 pr2
 h.

V = pr2
 h.

C = 1x
10

+ 400

p = -  
1
5

 x + 200 0 … x … 1000

C = 1x
25

+ 600

p = -  
1
4

 x + 100 0 … x … 400

r1t2 = 2001t ,

C1N2 = 15,000 + 8000N, 73. Foreign Exchange Traders often buy foreign currency in
hope of making money when the currency’s value changes.
For example, on June 5, 2009, one U.S. dollar could purchase
0.7143 Euros, and one Euro could purchase 137.402 yen.
Let represent the number of Euros you can buy with 
x dollars, and let represent the number of yen you can
buy with x Euros.
(a) Find a function that relates dollars to Euros.
(b) Find a function that relates Euros to yen.
(c) Use the results of parts (a) and (b) to find a function

that relates dollars to yen. That is, find 

(d) What is 

74. Temperature Conversion The function 

converts a temperature in degrees Fahrenheit, F, to a temper-
ature in degrees Celsius, C. The function ,
converts a temperature in degrees Celsius to a temperature in
kelvins, K.
(a) Find a function that converts a temperature in degrees

Fahrenheit to a temperature in kelvins.
(b) Determine 80 degrees Fahrenheit in kelvins.

75. Discounts The manufacturer of a computer is offering two
discounts on last year’s model computer. The first discount is
a $200 rebate and the second discount is 20% off the regular
price, p.
(a) Write a function f that represents the sale price if only

the rebate applies.
(b) Write a function g that represents the sale price if only

the 20% discount applies.
(c) Find and . What does each of these functions

represent? Which combination of discounts represents a
better deal for the consumer? Why?

76. If and are odd functions, show that the composite
function is also odd.

77. If is an odd function and is an even function, show that
the composite functions and are both even.g ! ff ! g

gf

f ! g
gf

g ! ff ! g

K1C2 = C + 273

C(F) =  
5
9

 (F - 32)

g1f1100022?g1f1x22. 1g ! f21x2 =
g1x2f1x2

1. 2. 3. 5x ƒ x Z -5, x Z 564 - 18x2-21

‘Are You Prepared?’ Answers

Now Work the ‘Are You Prepared?’ problems on page 263.

OBJECTIVES 1 Determine Whether a Function Is One-to-One (p. 255)

2 Determine the Inverse of a Function Defined by a Map or a Set 
of Ordered Pairs (p. 257)

3 Obtain the Graph of the Inverse Function from the Graph of the 
Function (p. 259)

4 Find the Inverse of a Function Defined by an Equation (p. 260)

5.2 One-to-One Functions; Inverse Functions

• Functions (Section 2.1, pp. 46–54)
• Increasing/Decreasing Functions (Section 2.3,

pp. 70–71)

• Rational Expressions (Appendix A, Section A.5,
pp. A36–A42)

PREPARING FOR THIS SECTION Before getting started, review the following:
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Put another way, a function is one-to-one if no y in the range is the image of
more than one x in the domain. A function is not one-to-one if two different
elements in the domain correspond to the same element in the range. So the function
in Figure 7 is not one-to-one because two different elements in the domain, dog and
cat, both correspond to 11. Figure 8 illustrates the distinction among one-to-one
functions, functions that are not one-to-one, and relations that are not functions.

f

Indiana

Washington

South Dakota

North Carolina

Tennessee

State

6.2

6.1

0.8

8.3

5.8

Population
(in millions)

Figure 6

x3

x1
y1

x 2

y2

One-to-one function:
Each x in the domain has
one and only one image
in the range.

(a)

y3

Domain Range

x3

x1
y1

x2

Not a one-to-one function:
y1 is the image of both
x1 and x2.

(b)

y3

Domain Range

x3

x1
y1

y2

Not a function:
x1 has two images,
y1 and y2.

(c)

y3

Figure 8

Suppose we asked a group of people to name the state that has a population of
0.8 million based on the function in Figure 6. Everyone in the group would respond
South Dakota. Now, if we asked the same group of people to name the animal
whose life expectancy is 11 years based on the function in Figure 7, some would
respond dog, while others would respond cat. What is the difference between the
functions in Figures 6 and 7? In Figure 6, we can see that no two elements in 
the domain correspond to the same element in the range. In Figure 7, this is not the
case: two different elements in the domain correspond to the same element in the
range. Functions such as the one in Figure 6 are given a special name.

Determine Whether a Function Is One-to-One
In Section 2.1, we presented four different ways to represent a function as (1) a map,
(2) a set of ordered pairs, (3) a graph, and (4) an equation. For example, Figures 6
and 7 illustrate two different functions represented as mappings. The function in
Figure 6 shows the correspondence between states and their population (in millions).
The function in Figure 7 shows a correspondence between animals and life
expectancy (in years).

1

Dog

Cat

Duck

Lion

Pig

Rabbit

Animal

11

10

7

Life Expectancy
(in years)

Figure 7

In Words
A function is not one-to-one if
two different inputs correspond
to the same output.

DEFINITION A function is one-to-one if any two different inputs in the domain correspond
to two different outputs in the range. That is, if and are two different
inputs of a function , then is one-to-one if .f(x1) Z f(x2)ff

x2x1



(b) 51-2, 62, 1-1, 32, 10, 22, 11, 52, 12, 826
(a) The function is not one-to-one because there are two different inputs, 55 and 61,

that correspond to the same output, 38.
(b) The function is one-to-one because there are no two distinct inputs that 

correspond to the same output.

Now Work P R O B L E M S 1 1  A N D 1 5

For functions defined by an equation and for which the graph of is
known, there is a simple test, called the horizontal-line test, to determine whether 
is one-to-one.

f
fy = f1x2

Solution

38

42

46

55

61

Age

57

54

34

38

HDL Cholesterol

THEOREM Horizontal-line Test

If every horizontal line intersects the graph of a function in at most one
point, then is one-to-one.f

f

The reason that this test works can be seen in Figure 9, where the horizontal
line intersects the graph at two distinct points, and Since h
is the image of both and is not one-to-one. Based on Figure 9,
we can state the horizontal-line test in another way: If the graph of any horizontal
line intersects the graph of a function at more than one point, then is not
one-to-one.

ff

fx2 and x1 Z x2 ,x1

1x2 , h2.1x1 , h2y = h

(a) Figure 10(a) illustrates the horizontal-line test for The horizontal
line intersects the graph of twice, at and at so is not
one-to-one.

(b) Figure 10(b) illustrates the horizontal-line test for Because every
horizontal line intersects the graph of exactly once, it follows that is
one-to-one.

gg
g1x2 = x3.

f1-1, 12,11, 12fy = 1
f1x2 = x2.Solution

x

h

y

(x1, h) (x2, h)

y " f (x)

y " h

x1 x2

Figure 9
and is not

a one-to-one function.
fx1 Z x2 ;f (x1) = f (x2) = h
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Using the Horizontal-line Test

For each function, use its graph to determine whether the function is one-to-one.
(a) (b) g1x2 = x3f1x2 = x2

EXAMPLE 2

#

Determining Whether a Function Is One-to-One

Determine whether the following functions are one-to-one.

(a) For the following function, the domain represents the age of five males and the
range represents their HDL (good) cholesterol (mg/dL).

EXAMPLE 1
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Now Work P R O B L E M 1 9

Look more closely at the one-to-one function This function is an
increasing function. Because an increasing (or decreasing) function will always have
different y-values for unequal x-values, it follows that a function that is increasing
(or decreasing) over its domain is also a one-to-one function.

g1x2 = x3.

We will discuss how to find inverses for all four representations of functions:
(1) maps, (2) sets of ordered pairs, (3) graphs, and (4) equations. We begin with
finding inverses of functions represented by maps or sets of ordered pairs.

Every horizontal line intersects the graph
exactly once; g is one-to-one

A horizontal line intersects the graph
twice; f  is not one-to-one

x

y

!3 3

(1, 1)

y " x 2

(!1, 1)

3

!3

(a) (b)

x

y

!3 3

y " x 3

3

!3

y " 1

Figure 10

Indiana

Washington

South Dakota

North Carolina

Tennessee

State

6.2 

6.1 

0.8 

8.3 

5.8

Population
(in millions)

THEOREM A function that is increasing on an interval I is a one-to-one function on I.
A function that is decreasing on an interval I is a one-to-one function on I.

Determine the Inverse of a Function Defined by a Map 
or a Set of Ordered Pairs

2

DEFINITION Suppose that is a one-to-one function. Then, to each x in the domain of 
there is exactly one y in the range (because is a function); and to each y in the
range of there is exactly one x in the domain (because is one-to-one).
The correspondence from the range of back to the domain of is called the
inverse function of f. The symbol is used to denote the inverse of f.f-1

ff
ff,

f
f,f

The function is one-to-one. To find the inverse function, we interchange the
elements in the domain with the elements in the range. For example, the function

Solution

In Words
Suppose that we have a one-to-one
function f where the input 5 corre-
sponds to the output 10. In the
inverse function , the input 10
would correspond to the output 5.

f -1

Finding the Inverse of a Function Defined by a Map

Find the inverse of the following function. Let the domain of the function represent
certain states, and let the range represent the state’s population (in millions). State
the domain and the range of the inverse function.

EXAMPLE 3

#



Indiana

Washington

South Dakota

North Carolina

Tennessee

State

6.2 

6.1 

0.8 

8.3 

5.8

Population
(in millions)

receives as input Indiana and outputs 6.2 million. So the inverse receives as input
6.2 million and outputs Indiana. The inverse function is shown next.

The domain of the inverse function is . The range of the inverse
function is Washington, South Dakota, North Carolina,

If the function is a set of ordered pairs then the inverse of , denoted
is the set of ordered pairs .1y, x2f-1,

f1x, y2,f

Tennessee6.5Indiana,
56.2, 6.1, 0.8, 8.3, 5.86

The inverse of the given function is found by interchanging the entries in each
ordered pair and so is given by

The domain of the function is . The range of the function is
. The domain of the inverse function is 

. The range of the inverse function is .

Now Work P R O B L E M S 2 5  A N D 2 9

Remember, if is a one-to-one function, it has an inverse function, . See
Figure 11.

Based on the results of Example 4 and Figure 11, two facts are now apparent
about a one-to-one function and its inverse 

Look again at Figure 11 to visualize the relationship. If we start with x, apply 
and then apply we get x back again. If we start with x, apply and then apply

we get the number x back again.To put it simply, what does, undoes, and vice
versa. See the illustration that follows.

In other words,

where x is in the domain of f

where x is in the domain of f-1f1f-11x22 = x

f-11f1x22 = x

! Input x from domain of f ! ¡
Apply f

! f(x) ! ¡
Apply f - 1

! f-1(f(x)) = x !

! Input x from domain of f-1 ! ¡
Apply f - 1

! f-1(x) ! ¡
Apply f

! f(f-1(x)) = x !

f-1ff,
f-1,f-1,

f,

Domain of f = Range of f-1 Range of f = Domain of f-1

f-1.f

f-1f

{-3, -2, -1, 0, 1, 2, 3} 1, 8, 27}
{-27, -8, -1, 0,{-27, -8, -1, 0, 1, 8, 27}

{-3, -2, -1, 0, 1, 2, 3}

51-27, -32, 1-8, -22, 1-1, -12, 10, 02, 11, 12, 18, 22, 127, 326
Solution

¡

¡ ¡

¡

WARNING Be careful! is a symbol
for the inverse function of The used
in is not an exponent. That is, 
does not mean the reciprocal of ; 

is not equal to . "
1

f1x2 f -11x2f
f -1f -1

- 1f.
f -1

f

f !1

Domain of f Range of f

Domain of f !1Range of f !1

Figure 11
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Finding the Inverse of a Function Defined 
by a Set of Ordered Pairs

Find the inverse of the following one-to-one function:

State the domain and the range of the function and its inverse.

51-3, -272, 1-2, -82, 1-1, -12, 10, 02, 11, 12, 12, 82, 13, 2726
EXAMPLE 4

#

#
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Consider the function which multiplies the argument x by 2. Since f
is an increasing function, f is one-to-one. The inverse function undoes whatever

does. So the inverse function of is which divides the argument by 2.

For example, and so undoes what did.
We can verify this by showing that

See Figure 12.

f-11f1x22 = f-112x2 = 1
2
12x2 = x and f1f-11x22 = fa 1

2
xb = 2a1

2
xb = x

ff- 1f- 1162 = 1
2
162 = 3,f132 = 2132 = 6

f-11x2 = 1
2

 x,ff

f-1
f1x2 = 2x,

The domain of is and the domain of is . Now

Now Work P R O B L E M 3 3

f1f-11x22 = fa 1
x

+ 1b = 1
1
x

+ 1 - 1
= 1

1
x

= x provided x Z 0

f-11f1x22 = f-1a 1
x - 1

b = 1
1

x - 1

+ 1 = x - 1 + 1 = x provided x Z  1

5x ƒ x Z 06f-15x ƒ x Z 16fSolution

Obtain the Graph of the Inverse Function from the Graph 
of the Function
Suppose that is a point on the graph of a one-to-one function defined by

Then This means that so is a point on the
graph of the inverse function The relationship between the point on and
the point on is shown in Figure 13.The line segment with endpoints  
and is perpendicular to the line and is bisected by the line 
(Do you see why?) It follows that the point on is the reflection about the
line of the point on f.1a, b2y = x

f-11b, a2 y = x.y = x1b, a2 1a, b2f-11b, a2 f1a, b2f-1.
1b, a2a = f-11b2,b = f1a2.y = f1x2. f1a, b2

3

x

f

f !1

(2x) = xf !1(2x) =

f (x ) = 2x

1–
2

Figure 12

x

y " xy

ba

b

a (b, a)

(a, b)

Figure 13

Verifying Inverse Functions

(a) Verify that the inverse of is by showing that

for all x in the domain of g

for all x in the domain of 

(b) Verify that the inverse of is by showing that

for all x in the
domain of f

for all x in the
domain of f -1

f1f-11x22 = fa1
2
1x - 32b = 2 c1

2
1x - 32 d + 3 = (x - 3) + 3 = x

f-11f1x22 = f-112x + 32 = 1
2

 312x + 32 - 34 = 1
2

 12x2 = x

f-11x2 = 1
2

 1x - 32f1x2 = 2x + 3

g-1g1g-11x22 = g113 x2 = 113 x23 = x

g-11g1x22 = g-11x32 = 43 x3 = x

g-11x2 = 13 xg1x2 = x3

EXAMPLE 5

Verifying Inverse Functions

Verify that the inverse of is For what values of x is

For what values of x is f1f-11x22 = x?f-11f1x22 = x?

f-11x2 = 1
x

+ 1.f1x2 = 1
x - 1

EXAMPLE 6

THEOREM The graph of a one-to-one function and the graph of its inverse are
symmetric with respect to the line y = x.

f-1f

#

#



Figure 14 illustrates this result. Notice that, once the graph of is known, the
graph of may be obtained by reflecting the graph of about the line y = x.ff-1

f

Now Work P R O B L E M 4 3

y " xy " f (x )

y " f !1(x )

(a3, b3)

(a2, b2)

(a1, b1)

(b3, a3)

(b2, a2)

(b1, a1)

x

yFigure 14

x

y

!3 3

(2, 1)
(!1, 0)

(!2, !1)

3

!3

y " f (x)

(a)

x

y

!3 3

(2, 1)

(1, 2)

(!1, 0)

(!2, !1) (0, !1)

(!1, !2)

3

!3

y " f (x)

y " f !1(x)

(b)

y " x
Figure 15

Begin by adding the graph of to Figure 15(a). Since the points
and are on the graph of the points 

and must be on the graph of Keeping in mind that the graph of is the
reflection about the line of the graph of draw See Figure 15(b).f-1.f,y = x

f-1f-1.11, 22 1-1, -22, 10, -12,f,12, 121-2, -12, 1-1, 02, y = xSolution

Find the Inverse of a Function Defined by an Equation
The fact that the graphs of a one-to-one function and its inverse function are
symmetric with respect to the line tells us more. It says that we can obtain 
by interchanging the roles of x and y in Look again at Figure 14. If is defined by
the equation

then is defined by the equation

The equation defines implicitly. If we can solve this equation for y,
we will have the explicit form of that is,

Let’s use this procedure to find the inverse of (Since is a
linear function and is increasing, we know that is one-to-one and so has an inverse
function.)

f
ff1x2 = 2x + 3.

y = f-11x2f-1,
f-1x = f1y2 x = f1y2f-1

y = f1x2
ff.

f-1y = x
f-1f

4
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Graphing the Inverse Function

The graph in Figure 15(a) is that of a one-to-one function Draw the graph
of its inverse.

y = f1x2.EXAMPLE 7

#
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Step 2: If possible, solve the
implicit equation for y in terms of x
to obtain the explicit form of ,

.y = f -1(x)
f -1

To find the explicit form of the inverse, solve for y.

Reflexive Property; If , then .

Subtract 3 from both sides.

Divide both sides by 2.

The explicit form of the inverse is 

f-11x2 = 1
2
1x - 32f- 1

 y = 1
2
1x - 32 2y = x - 3

b = aa = b 2y + 3 = x

 x = 2y + 3

x = 2y + 3

Step-by-Step Solution

Step 1: Replace with y. In
, interchange the variables

x and y to obtain . This
equation defines the inverse
function implicitly.f-1

x = f1y2y = f1x2 f1x2 Replace with y in and obtain . Now interchange the
variables x and y to obtain

This equation defines the inverse implicitly.f-1

x = 2y + 3

y = 2x + 3f1x2 = 2x + 3f1x2

Step 3: Check the result by showing
that and f(f -1(x)) = x.f -1(f(x)) = x

We verified that f and are inverses in Example 5(b).f- 1

y " x

f (x) " 2x # 3

x

y

!5 5

5

!5

f !1(x) "   (x ! 3)1–
2

Figure 16 The graphs of and its inverse are shown in

Figure 16 . Note the symmetry of the graphs with respect to the line y = x.

f-11x2 = 1
2

 1x - 32f1x2 = 2x + 3

Procedure for Finding the Inverse of a One-to-One Function
STEP 1: In interchange the variables x and y to obtain

This equation defines the inverse function implicitly.
STEP 2: If possible, solve the implicit equation for y in terms of x to obtain the

explicit form of :

STEP 3: Check the result by showing that 

f-11f1x22 = x and f1f-11x22 = x

y = f-11x2f-1

f-1

x = f1y2y = f1x2,

How to Find the Inverse Function

Find the inverse of Graph and on the same coordinate axes.f-1ff1x2 = 2x + 3.

EXAMPLE 8

Finding the Inverse Function

The function

is one-to-one. Find its inverse and check the result.

f1x2 = 2x + 1
x - 1
 x Z 1

EXAMPLE 9

STEP 1: Replace with y and interchange the variables x and y in

to obtain

x =
2y + 1
y - 1

y = 2x + 1
x - 1

f1x2Solution

#
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The function is not one-to-one. [Refer to Example 2(a).] However, if we
restrict the domain of this function to as indicated, we have a new function
that is increasing and therefore is one-to-one. As a result, the function defined by

has an inverse function,
Follow the steps given previously to find 

STEP 1: In the equation interchange the variables x and y.The result is

This equation defines (implicitly) the inverse function.

x = y2  y Ú 0

y = x2, x Ú 0,

f-1.
f-1.y = f1x2 = x2, x Ú 0,

x Ú 0,
y = x2Solution

If a function is not one-to-one, it has no inverse function. Sometimes, though, an
appropriate restriction on the domain of such a function will yield a new function
that is one-to-one.Then the function defined on the restricted domain has an inverse
function. Let’s look at an example of this common practice.

Finding the Inverse of a Domain-restricted Function

Find the inverse of if Graph and f- 1.fx Ú 0.y = f1x2 = x2

EXAMPLE 10

STEP 2: Solve for y.

Multiply both sides by 

Apply the Distributive Property.

Subtract 2y from both sides; add x to both sides.

Factor.

Divide by 

The inverse is

Replace y by f -1(x).f-11x2 = x + 1
x - 2

 x Z 2

x - 2. y = x + 1
x - 2

 1x - 22y = x + 1

 xy - 2y = x + 1

 xy - x = 2y + 1

y - 1. x1y - 12 = 2y + 1

 x =
2y + 1
y - 1

STEP 3: Check:

Exploration
In Example 9, we found that, if then Compare the vertical and horizontal
asymptotes of and 

Result The vertical asymptote of is , and the horizontal asymptote is The vertical
asymptote of is and the horizontal asymptote is y = 1.x = 2,f -1

y = 2.x = 1f

f -1.f
f -1(x) = x + 1

x - 2
 .f (x) = 2x + 1

x - 1
 ,

 f1f-11x22 = fax + 1
x - 2

b =
2ax + 1

x - 2
b + 1

x + 1
x - 2

- 1
=

21x + 12 + x - 2

x + 1 - 1x - 22 = 3x
3

= x  x Z 2

 f-11f1x22 = f-1a2x + 1
x - 1

b =

2x + 1
x - 1

+ 1

2x + 1
x - 1

- 2
= 2x + 1 + x - 1

2x + 1 - 21x - 12 = 3x
3

= x x Z 1

Now Work P R O B L E M S 5 1 A N D 6 5  

#
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x

y
2

2

f !1(x ) "   x

y " x
f (x ) " x2, x ! 0

Figure 17 STEP 2: Solve for y to get the explicit form of the inverse. Since only one
solution for y is obtained: So 

STEP 3: Check: since 

Figure 17 illustrates the graphs of and f-11x2 = 1x .f(x) = x2, x Ú 0,

f1f-11x22 = f11x2 = 11x22 = x

x Ú 0f-11f1x22 = f-11x22 = 4x2 = ƒx ƒ = x

f-11x2 = 1x .y = 1x.
y Ú 0,

#

SUMMARY
1. If a function is one-to-one, then it has an inverse function 
2. Domain of of Range of of 
3. To verify that is the inverse of show that for every x in the domain of and 

for every x in the domain of 
4. The graphs of and are symmetric with respect to the line y = x.f-1f

f-1.
f1f-11x22 = xff-11f1x22 = xf,f-1

f-1.f = Domainf-1;f = Range
f-1.f

5.2 Assess Your Understanding

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

5. If and are two different inputs of a function then f is
one-to-one if

6. If every horizontal line intersects the graph of a function at
no more than one point, is a(n) function.

7. If f is a one-to-one function and , then
.f-1(8) =

f(3) = 8

f
f

.
f,x2x1

1. Is the set of ordered pairs a
function? Why or why not? (pp. 46–54)

2. Where is the function increasing? Where is it
decreasing? (pp. 70–71)

3. What is the domain of ? (pp. 46–54)f1x2 = x + 5
x2 + 3x - 18

f1x2 = x2

511, 32, 12, 32, 1-1, 226
4. Simplify: (pp. A36–A42)

1
x

+ 1

1
x2 - 1

8. If denotes the inverse of a function then the graphs of
and are symmetric with respect to the line .

9. If the domain of a one-to-one function is the range
of its inverse, is .

10. True or False If and are inverse functions, the domain
of is the same as the range of g.f

gf

f-1,
34, q2,f

 f-1f
f,f-1

Concepts and Vocabulary

In Problems 11–18, determine whether the function is one-to-one.

11. 12.

Skill Building

20 Hours

Domain

25 Hours
30 Hours
40 Hours

$200
$300
$350
$425

Range

Bob

Domain

Dave
John
Chuck

Karla
Debra
Dawn
Phoebe

Range

20 Hours

Domain

25 Hours
30 Hours
40 Hours

$200

$350
$425

Range

Bob

Domain

Dave
John
Chuck

Karla
Debra
Phoebe

Range13. 14.

15. 512, 62, 1-3, 62, 14, 92, 11, 1026 16. 51-2, 52, 1-1, 32, 13, 72, 14, 1226
17. 510, 02, 11, 12, 12, 162, 13, 8126 18. 511, 22, 12, 82, 13, 182, 14, 3226



x

y
3

3!3

!3

x

y
3

3!3

!3

x

y
3

3!3

!3

In Problems 19–24, the graph of a function is given. Use the horizontal-line test to determine whether is one-to-one.ff

19. 20. 21.

x

y
3

3!3

y
3

3!3 xx

y

2

3!3
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In Problems 25–32, find the inverse of each one-to-one function. State the domain and the range of each inverse function.

Mt Waialeale, Hawaii

Monrovia, Liberia

Pago Pago, American Samoa

Moulmein, Burma

Lae, Papua New Guinea 

Location
Annual Rainfall

(inches)

460.00

202.01

196.46

191.02

182.87 

Source: Information Please Almanac

Title
Domestic Gross

(in millions)

$357

Star Wars: Episode One – The
Phantom Menace

$461

E.T. the Extra Terrestrial

Jurassic Park

Forrest Gump

Star Wars

$431

$400

$330

Source: Information Please Almanac

30

40
45

Age

$7.09
$8.40

$11.29

Monthly Cost
of Life Insurance

Source: eterm.com

Virginia
Nevada
Tennessee
Texas

State

11%
5.5%
5.1%
6.3%

Unemployment Rate

Source: United States Statistical Abstract

25. 26.

27. 28.

29. 51-3, 52, 1-2, 92, 1-1, 22, 10, 112, 11, -526 30. 51-2, 22, 1-1, 62, 10, 82, 11, -32, 12, 926
31. 51-2, 12, 1-3, 22, 1-10, 02, 11, 92, 12, 426 32. 51-2, -82, 1-1, -12, 10, 02, 11, 12, 12, 826

In Problems 33–42, verify that the functions and are inverses of each other by showing that and Give any
values of x that need to be excluded from the domain of f and the domain of g.

g1f1x22 = x.f1g1x22 = xgf

33. f1x2 = 3x + 4; g1x2 = 1
3

 1x - 42 34. f1x2 = 3 - 2x; g1x2 = -  
1
2

 1x - 32
35. f1x2 = 4x - 8; g1x2 = x

4
+ 2 36. f1x2 = 2x + 6; g1x2 = 1

2
 x - 3

37. f1x2 = x3 - 8; g1x2 = 23 x + 8 38. f1x2 = 1x - 222, x Ú 2; g1x2 = 1x + 2

39. f1x2 = 1
x

; g1x2 = 1
x

40. f1x2 = x; g1x2 = x

41. f1x2 = 2x + 3
x + 4

; g1x2 = 4x - 3
2 - x

42. f1x2 = x - 5
2x + 3

; g1x2 = 3x + 5
1 - 2x

22. 23. 24.
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x

y
3

!3

3

y " x

(1, 2)

(0, 1)

(!1, 0)
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3

!3

3
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(

(1, 0)

(0, !1)(!2, !2)

!3

1–
22, )

x

y
3

!3

!3 3

y " x

(2, 1)

(!1, !1)

In Problems 43–48, the graph of a one-to-one function is given. Draw the graph of the inverse function For convenience (and as a
hint), the graph of is also given.y = x

f-1.f

43. 44. 45.

46. 47. 48.

x

y
3

!3

!3 3

y " x

(!2, 1)

(1, !1)
x

y
3

!3

!3 3

y " x

x

y
2

!2

!2 2

y " x

In Problems 49–60, the function is one-to-one. Find its inverse and check your answer. Graph and on the same coordinate axes.y = xf-1,f,f

49. f1x2 = 3x 50. f1x2 = -4x

51. f1x2 = 4x + 2 52. f1x2 = 1 - 3x

53. f1x2 = x3 - 1 54. f1x2 = x3 + 1

55. f1x2 = x2 + 4 x Ú 0 56. f1x2 = x2 + 9 x Ú 0

57. f1x2 = 4
x

58. f1x2 = -  
3
x

59. f1x2 = 1
x - 2

60. f1x2 = 4
x + 2

In Problems 61–72, the function is one-to-one. Find its inverse and check your answer.f

61. f1x2 = 2
3 + x

62. f1x2 = 4
2 - x

63. f1x2 = 3x
x + 2

64. f1x2 = -  
2x

x - 1

65. f1x2 = 2x
3x - 1

66. f1x2 = -  
3x + 1

x

67. f1x2 = 3x + 4
2x - 3

68. f1x2 = 2x - 3
x + 4

69. f1x2 = 2x + 3
x + 2

70. f1x2 = -3x - 4
x - 2

71. f1x2 = x2 - 4
2x2  x 7 0 72. f1x2 = x2 + 3

3x2  x 7 0

Applications and Extensions

73. Use the graph of given in Problem 43 to evaluate
the following:

(a) (b) (c) (d)

74. Use the graph of given in Problem 44 to evaluate
the following:

(a) (b) (c) (d) f-11-12f-1102f112f122
y = f1x2 f-1122f-1112f112f1-12
y = f1x2 75. If and f is one-to-one, what is 

76. If and g is one-to-one, what is 

77. The domain of a one-to-one function f is and its
range is State the domain and the range of 

78. The domain of a one-to-one function f is and its
range is State the domain and the range of f-1.[5, q2. [0, q2, f-1.[-2, q2. [5, q2,g-1132?g1-52 = 3

f-11132?f172 = 13
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In applications, the symbols used for the independent and dependent variables are often based on common usage. So, rather than using
to represent a function, an applied problem might use to represent the cost C of manufacturing q units of a good since,

in economics, q is used for output. Because of this, the inverse notation used in a pure mathematics problem is not used when finding
inverses of applied problems. Rather, the inverse of a function such as will be So is a function that 
represents the cost C as a function of the output q, while is a function that represents the output q as a function of the cost C.
Problems 89–92 illustrate this idea.

q = q1C2 C = C1q2q = q1C2.C = C1q2f-1
C = C1q2y = f1x2

89. Vehicle Stopping Distance Taking into account reaction
time, the distance d (in feet) that a car requires to come to a
complete stop while traveling r miles per hour is given by the
function

(a) Express the speed r at which the car is traveling as a
function of the distance d required to come to a complete
stop.

(b) Verify that is the inverse of by 
showing that and 

(c) Predict the speed that a car was traveling if the distance
required to stop was 300 feet.

90. Height and Head Circumference The head circumference C
of a child is related to the height H of the child (both in
inches) through the function

(a) Express the head circumference C as a function of
height H.

(b) Verify that is the inverse of by
showing that and 

(c) Predict the head circumference of a child who is 26 inches
tall.

91. Ideal Body Weight One model for the ideal body weight W
for men (in kilograms) as a function of height h (in inches) is
given by the function

(a) What is the ideal weight of a 6-foot male?
(b) Express the height h as a function of weight W.
(c) Verify that is the inverse of by

showing that and 
(d) What is the height of a male who is at his ideal weight of

80 kilograms?

[Note: The ideal body weight W for women (in kilograms)
as a function of height h (in inches) is given by 

]

92. Temperature Conversion The function 

converts a temperature from C degrees Celsius to F degrees
Fahrenheit.

F1C2 = 9
5

 C + 32

45.5 + 2.31h - 602. W1h2 =

W1h1W22 = W.h1W1h22 = h
W = W1h2h = h1W2

W1h2 = 50 + 2.31h - 602

C1H1C22 = C.H1C1H22 = H
H = H1C2C = C1H2

H1C2 = 2.15C - 10.53

d1r1d22 = d.r1d1r22 = r
d = d1r2r = r1d2

d1r2 = 6.97r - 90.39

(a) Express the temperature in degrees Celsius C as a
function of the temperature in degrees Fahrenheit F.

(b) Verify that is the inverse of by
showing that and 

(c) What is the temperature in degrees Celsius if it is 
70 degrees Fahrenheit?

93. Income Taxes The function

represents the 2009 federal income tax T (in dollars) due for
a “single” filer whose modified adjusted gross income is 
g dollars, where 
(a) What is the domain of the function T?
(b) Given that the tax due T is an increasing linear function

of modified adjusted gross income g, find the range of the
function T.

(c) Find adjusted gross income g as a function of federal 
income tax T. What are the domain and the range of this
function?

94. Income Taxes The function

represents the 2009 federal income tax T (in dollars) due for
a “married filing jointly” filer whose modified adjusted gross
income is g dollars, where 
(a) What is the domain of the function T ?
(b) Given that the tax due T is an increasing linear function

of modified adjusted gross income g, find the range of the
function T.

(c) Find adjusted gross income g as a function of federal
income tax T. What are the domain and the range of this
function?

95. Gravity on Earth If a rock falls from a height of 100 meters
on Earth, the height H (in meters) after t seconds is
approximately

(a) In general, quadratic functions are not one-to-one.
However, the function H is one-to-one. Why?

(b) Find the inverse of H and verify your result.
(c) How long will it take a rock to fall 80 meters?

H1t2 = 100 - 4.9t2

16,700 … g … 67,900.

16,7002T1g2 = 1670 + 0.15(g -

33,950 … g … 82,250.

33,9502T1g2 = 4675 + 0.25(g -

F1C1F22 = F.C1F1C22 = C
F = F1C2C = C1F2

79. The domain of a one-to-one function g is , and its
range is State the domain and the range of 

80. The domain of a one-to-one function g is [0, 15], and its
range is (0, 8). State the domain and the range of 

81. A function is increasing on the interval (0, 5).
What conclusions can you draw about the graph of

82. A function is decreasing on the interval (0, 5).
What conclusions can you draw about the graph of

83. Find the inverse of the linear function

f1x2 = mx + b m Z 0

y = f-11x2?y = f1x2y = f-11x2?y = f1x2 g-1.

g-1.[0, q2. 1- q , 04 84. Find the inverse of the function

85. A function f has an inverse function. If the graph of f lies in
quadrant I, in which quadrant does the graph of lie?

86. A function f has an inverse function. If the graph of f lies in
quadrant II, in which quadrant does the graph of lie?

87. The function is not one-to-one. Find a suitable
restriction on the domain of f so that the new function that
results is one-to-one. Then find the inverse of f.

88. The function is not one-to-one. Find a suitable
restriction on the domain of f so that the new function that
results is one-to-one. Then find the inverse of f.

f1x2 = x4

f1x2 = ƒ x ƒ
f-1

f-1

f1x2 = 2r2 - x2 0 … x … r


